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TWO-DIMENSIONAL SIMPLY CONNECTED ABELIAN 
LOCALLY NASH GROUPS 

E. BARO, J. DE VICENTE, AND M. OTERO 


Abstract. The aim of this paper is to give a description of simply con¬ 
nected abelian locally Nash groups of dimension 2. Along the way we prove 
that, for any n > 2, a locally Nash structure over (M n , +) can be character¬ 
ized via a meromorphic map admitting an algebraic addition theorem. 
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1. Introduction. 

In 1952 John Nash proved in [T3j that any compact smooth manifold may 
be equipped with both an analytic and a semialgebraic structure. After Nash’s 
article, those analytic manifolds that are also equipped with a semialgebraic 


Date: June 2, 2015. 

2010 Mathematics Subject Classification. Primary 03C64; Secondary 14P10, 14P20, 
22E15. 

First and third authors supported by Spanish GAAR MTM2011-22435 and MTM2014- 
55565-P. Second author supported by a grant of the International Program of Excellence in 
Mathematics at Universidad Autonoma de Madrid. The results of this paper are part of the 
second author’s Ph.D. dissertation. 


1 




























structure are named Nash manifolds. These manifolds combine the good prop¬ 
erties of analytic manifolds together with the finiteness properties of semialge- 
braic manifolds, while remaining complex enough to present interesting prob¬ 
lems. Because of that, Nash manifolds have attracted the attention of many 
mathematicians, being [2] and H2 the main references and a good introduction 
to the subject. Among Nash manifolds, of special interest are the Nash groups, 
which are analytic groups admitting a semialgebraic structure. The most rel¬ 
evant result about Nash groups is done by Hrushovski and Pillay in |Sj (see 
also 0), where a close relation between affine Nash groups and real algebraic 
groups is established. However, although Nash groups share some of the good 
properties of algebraic groups, not much else is known about them, specially 
in the non-affine case. Shiota reviews the main results on Nash manifolds in 
[18], including a description of the one-dimensional affine Nash groups given 
hi ] 10] (see also mi: ). In order to obtain that description, it is essential to get 
first a description of locally Nash groups, which are analytic groups admitting 
a “weak” semialgebraic structure. The semialgebraic structure is weakened 
in order to allow the universal coverings of Nash groups - which are not in 
general Nash groups - to be locally Nash groups. Note that Nash groups are a 
particular case of groups definable in o-minimal structures, see, e.g., m and 
its references for literature about these groups. 

The purpose of this article is to give a description of the locally Nash group 
structures on (M 2 , +) and also to clarify the category of locally Nash groups. 
We see this as a first step to obtain a description of the two-dimensional abelian 
Nash groups. 

Next, we introduce the category of locally Nash groups. Given an open 
subset U of M", a map / = (/i, ..., f m ) : U — > R m is a Nash map if /j,..., f m 
are both analytic and semialgebraic. A locally Nash manifold is an analytic 
manifold M with an atlas {([/*, </>*)}*<=/ such that for each i,j G /, 0*(C/* D Uf) 
is semialgebraic and the transition maps are Nash maps. We call such atlas 
a Nash atlas. A map / : M —> N between locally Nash manifolds is a locally 
Nash map if for each point x of M and f(x) of N there exist charts (U, <f>) 
and (V, i/j) of their respective Nash atlases and an open subset U' of U such 
that x G U', f{U') C V and if o f o —> ip(V) is a Nash map. In 

a natural way we define locally Nash group and locally Nash group homomor¬ 
phism/isomorphism between Nash groups (see Section [2]). The study of Nash 
atlases for (M n , +) will lead us in a natural way to the concept of algebraic 
addition theorem, that we now recall. Let K be € or R. Let A ¥i _, n be the ring 
of all power series in n variables with coefficients in IK that are convergent in a 
neighborhood of the origin. Let M K>ri be the quotient held of A K ri . Let u and 
v be variables of C”. We say (0i,..., 0 n ) G M^ n admits an algebraic addi¬ 
tion theorem ( AAT) if </>!,..., f> n are algebraically independent over IK and for 
each i each ffu + v ) is algebraic over ..., 4> n (u), ..., 4> n (v)). 

Note that the AAT is independent of IK. The n coordinate functions of a 
Nash coordinate neighborhood of a local Nash group structure on (R n , +) ad¬ 
mits naturally (a functional version of) AAT (see Lemma 14.211 . This will be 
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specially useful to study the different locally Nash structures of (R n ,+)• We 
remark that although (R n , +) has a unique analytic structure (the standard 
analytic structure, i.e. the one compatible with the identity map), it may have 
several different locally Nash structures, and the main aim of this paper is to 
describe them for n = 2. 

One of our main results is Theorem 14.31 that states that for each locally 
Nash structure on (R n , +) there exists / : C n —> C n such that: 

(1) / is a real meromorphic map, i.e. each of its coordinate functions is the 
quotient of two analytic functions h\ and h 2 satisfying hi(W l ) C R (i — 1,2), 
and 

(2) there exist k G R n and an open neighborhood U C R n of 0 such that 

4> : U I” : m /(it + k) 

is an analytic diffeomorphism, its image is semialgebraic and the Taylor power 
series expansion of 0 at 0 admits an A AT. 

Moreover, the translates of (U, <f>) give a locally Nash group structure isomor¬ 
phic to the original one. We denote this locally Nash structure by (R™, +, /) 
(note that this notation is consistent with that of pUj). More precisely, we 
shall prove the following: 

Theorem 14.31 Every simply connected n-dimensional abelian locally Nash 
group is locally Nash isomorphic to some (R”,+,/) where f : C n —* C n is a 
real meromorphic map admitting an A AT. 

To prove Theorem 14.31 we will make use of the following result, which might 
be of interest by itself. In fact, this result follows the lines of the classical work 
of Weierstrass for functions admitting an AAT (see [3, Ch. XXI] for dimension 
1 and [16] for a general discussion of the problem on higher dimensions). 

Theorem 13.121 Let 4>i,... ,(j) n G M^ n admitting an AAT. Then there exists 
ifi,... ,if n £ Mk,u admitting an AAT and algebraic over K(0i,..., <f> n ) and 
if o G M Ktn algebraic over K(^q,..., if n ) such that: 

(1) for each f G K(^ 0 , • ■ ■, if n ) there exists R G K(Xl, ..., X 2 ( n+ i)) such that 

f(u + v) = R(i>o(u) : . . . , i(u),^o(u), . . . , 'ifniv)) 

and 

(2) each iJj 0 , ... ,if n is the quotient of two power series (of A^ n ), both conver¬ 
gent in all C n . 

In order to describe the locally Nash groups structures on (R 2 ,+), Theo¬ 
rem 14.31 allow us to use the description given by Painleve in [16] of pairs of 
meromorphic functions on C 2 which admit an AAT. The description is based 
on the Weierstrass functions pn, Cn an d o~n corresponding to a lattice 42 of 
(C, +) and on the fields of abelian functions C(A) corresponding to a lattice A 
of (C 2 , +) (i.e. f G C(A) if and only if / : C 2 —> C is a meromorphic function 
such that f(z + A) = f(z) for all A G A). Painleve proves in [16] that a pair of 
meromorphic functions from C 2 to C which admits an AAT is a transcendence 
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basis of a field belonging to one of the families V\,... ,Vq (which we will call 
the families of the Painleve description) given in the statement below. 

Theorem 15.51 Every simply connected n-dimensional abelian locally Nash 
group is locally Nash isomorphic to one of the form (R 2 , +, f) where f : C 2 —> 
C 2 is a real meromorphic map admitting an A AT and such that its coordinate 
functions are algebraic over one of the fields of the following families: 

(1) V\ := { C(< 7 i o a) : a E GL 2 ( C) }, where gi(u, v ) = (u, v); 

(2) Vo := { C(g 2 ° a) : a E GL 2 ( C) }, where g 2 (u, v ) = (u, e v ); 

(3) V 3 '■= { C(g 3 o a) : a E GL 2 (C) }, where g 3 (u, v ) = (e u , e v ); 

(4) V 3 := { C(g 4 : a t noa) : a E GL 2 ( C), a E {0,1}, Q is a lattice of (C, +) }, 

where gA, a ,n(u,v) = (pn(u),v- a(n(u)); 

(5) V 3 := { C( 5 i 5 )£Ii o o a) : a E GL^C), a E C, Q is a lattice of (C, +) }, 

where g 5>a>n (u,v) = (pn(u), e"); and 

(6) := { C(A) : A is a lattice of (C 2 , +), tr.deg. cC(A) = 2}. 

Furthermore, if (M 2 ,+,g) is another locally Nash group, where g : C 2 —> C 2 
is a real meromorphic map admitting an A AT, and the coordinate functions 
of f and g are algebraic over fields of different families, then (M 2 , +, /) and 
(M 2 ,+,g) are not locally Nash isomorphic. 

Even further, each of the families induce at least one locally Nash group 
structure on (R 2 ,+). 

The sections of the article are divided as follows: in Section [2] we define 
the category of locally Nash groups, in Section E] we prove the basic proper¬ 
ties of AAT and Theorem 13.121 in Section 0] we extend the results of [3] for 
meromorphic functions and we prove Theorem 14.31 and finally in Section [5] we 
prove Theorem 15.51 We also include an appendix where we rewrite the proof of 
the classification of the one-dimensional simply connected locally Nash groups 
m Theorem 1]) in a uniform way. 

2. Category of Locally Nash Groups. 

In this section we collect the definitions and basic properties related to 
locally Nash manifolds and groups. 


2. A. Locally Nash manifolds. Let U be an open subset of M m . We say 
that /:[/—)■ M n is a Nash map if / is both semialgebraic and analytic. 
Alternatively, a Nash map can be described as follows. Given maps / : W —* 
R n and g : W —> M n we say that g is algebraic over R(/) on W if for each 
i E {1, ...,n} there exists a polynomial Pi E R[Xl, ..., X n , Y] of positive 
degree in Y such that 

Pi(fi(x ),.. •, fn(x),gi(x)) = 0 on w. 
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Let U be an open subset of M m . Then, / : U —> M. n is a Nash map if and 
only if U is semialgebraic, / is analytic and f(x) is algebraic over M(x) on 
U (see [21 Proposition 8.1.8]). In all what follows we will make use of this 
characterization without further mention. We say that / : U — > V C R n is a 
Nash diffeomorphism if / is an analytic diffeomorphism and both / and / -1 
are Nash maps. Let M be an analytic manifold. Two charts (I/, 0) and (V, f) 
of an atlas for M are Nash compatible if 0(17) and f>{V) are semialgebraic and 
either U D V = 0 or 

-0 o <fr x : (j)(u nv) nv) 

is a Nash diffeomorphism. An atlas of M is a Nash atlas if any two charts 
in the atlas are Nash compatible. In particular, 0(C) is semialgebraic for any 
(U, 0) in the Nash atlas. An analytic manifold M together with a Nash atlas 
is called a locally Nash manifold. 

Definition 2.1. Let Mi and M 2 be locally Nash manifolds equipped with 
Nash atlases {{Uii M}iei and {(I ^j,ifj)}jej respectively. A locally Nash map 
f : Mi — y M 2 is a (continuous) map such that for every p G Mi and every 
j G J such that f(p) G V) there exists i G / and an open subset U C U t such 
that p G U, f(U ) C Vj and 

i° f °07 1: MU) ->• ifjiVj) 

is a Nash map. (For an equivalent definition see Proposition 12.21 1 

A locally Nash map / : Mi —> M 2 is a locally Nash diffeomorphism if / 
is an analytic (global) diffeomorphism and both / and / -1 are locally Nash 
maps. A locally Nash group is a locally Nash manifold equipped with group 
operations (multiplication and inversion) which are given by locally Nash maps. 
A homomorphism of locally Nash groups is a locally Nash map that is also a 
homomorphism of groups. An isomorphism of locally Nash groups is a locally 
Nash diffeomorphism that is also an isomorphism of groups. Clearly a map / 
is an isomorphism of locally Nash maps if and only if both / is an isomorphism 
of abstract groups and / and f~ l 2 are locally Nash maps. 

Locally Nash maps can be characterized as follows. 

Proposition 2.2. Let Mi and M 2 be locally Nash manifolds with Nash atlases 
{(Ui, 4>i)}iei and respectively. The following are equivalent: 

(1) / : Mi —y M 2 is a locally Nash map. 

(2) For every p G Mi and for each i G / and j G J such that p G Ui 
and f(p) G Vj there exists an open subset U of Ui such that p G U, 
f{U) C Vj, and 

0 ? ° / ° M 1: M u ) -> fjj(Vj) 


is a Nash map. 
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(3) For every p G Mi there exist i G I and j G J suc/i that p E Ui and 
f(p) G V} and there exists an open subset U of Ui such that p G U , 
f{U ) C V;-, and 

f ° : 0*(^) 

is a Nash map. 

Proof. Since (2) implies (1) and (1) implies (3), it is enough to show that (3) 
implies (2). Fix p G M\ and let i G I, j G J and U C Ui whose existence 
ensures (3). Fix k G I and £ G J with p G £4 and f(p) G 14. Clearly, it suffices 
to show that there exists an open subset U' of £4 with p G U' such that 

^ ° / ° 1 : <Pk(U') -3 

is Nash. To prove the latter, firstly note that ipj o f o cff 1 is continuous and 
both UiDUk 3 p and VjdVt 3 f(p) are open, hence there exists an open subset 
U' of Ui D Uk with p G U' such that 

('h°f°‘K')(MV)) c^(Unvi). 

Moreover, we can assume that <pi(U') is semialgebraic (it suffices to take, in¬ 
stead of U' , the preimage of an open ball centered in (pi(p) and contained in 
the original <f>i(U')). In particular, since the restriction of a Nash map to an 
open semialgebraic set is a Nash map, the map 

Tpj°f° (P7 1 : <t>i{U') -3 n V e ) 

is still a Nash map. On the other hand, both change of charts 

&O0- 1 : 4(17')-►&(*/') 

and 

A o if - 1 : if^Vj n Vi) -3 MVj n v e ) 
are Nash maps. Thus, the composition of the last three maps, 

^°/°4' 1 = (Vk ° ifj 1 ) o (ipj ofo (fr 1 ) o {(fi O (j)- 1 ) : <f> k (U') -3 ifiiyf) 
is a Nash map, as required. □ 

From Proposition 12.21 121 it is clear that the composition of locally Nash 
maps is a locally Nash map. We also deduce the following. 

Lemma 2.3. Let Mi and M 2 be locally Nash manifolds. Then f : Mi -3 M 2 
is a locally Nash diffeomorphism if and only if f is both an analytic diffeomor- 
phism and a locally Nash map. 

Proof. We show the nontrivial implication. Let {(Ui, <pi)}iei and {(Vj,ipj)}jej 
be the Nash atlases of Mi and M 2 respectively. We have to show that / _1 : 
M 2 -3- Mi is a locally Nash map. Fix p G M 2 and i G / such that f~ 1 (p) G Ui. 
We have to show that there exists j G J and an open subset V C Vj such that 
pGh, / -1 (L) C Ui, ifj(V) is semialgebraic and 

(pi ° / _1 ° ipj 1 : ipj(V) -3 (pi(Ui ) 
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is a Nash map. Let j G J be such that p G Vj. For these f~ l (p) G M 2 , i and 
j, since / is a locally Nash map, we can apply Proposition 12.21 (2) and get an 
open subset G of Ui such that f~ l (p) G G, f(U ) C Vj and 

A ° / °A 1 ■ M u ) ->• A A?) 

is a Nash map. Therefore, the given j and V := /(G) satisfy the required 
conditions once we note that the inverse of a bijective semialgebraic map is a 
semialgebraic map. □ 

2.B. Locally Nash groups. Next, we show that to describe the locally Nash 
structure of a locally Nash group it is enough to do it near the identity. We in¬ 
troduce new notations that will be useful for this purpose. Let (G, •) equipped 
with an analytic atlas A be an analytic group - thus a Lie group - and let 
(G, 0) be a chart of the identity of A. From the theory of analytic groups we 
recall that 

A ■= {( gU , 4>g) I 4>g : gU ->• M n : u f)(g~ l u)} g&G 

is also an analytic atlas for (G, •). We will keep the notation A(y,cj>) f° r 
canonical atlas. In the above example, A(u,<p) might not be a Nash atlas for 
(G, •), but if it is so then, the locally Nash group (G, •) equipped with A(y,<t>) 
will be denoted (G, see Fact 12.41 and Proposition 12.51 (The notation 
(M n ,+,/), where / : C n —> C n is as mentioned in the introduction, will be 
justified in Section [4] once Lemma [4.21 is proved.) 

Fact 2.4 m Lemma 1]). Let (G,-) be an analytic group with atlas A. Let 
(U, (ft) G A be a chart of the identity such that: 

(i) there exists an open neighborhood of the identity U' C U such that 

cfo-o 0A : </>([/') x cj)(U') -G 0(G) : (x, y ) ^ 0(0 _1 (x) • 0 -1 0/)) 

is a Nash map, and 

(ii) for each g G G there exists an open neighborhood of the identity U g C U 
such that 

0 o ^0 0-0 0(f/ 9 ) -»• 0(G) : x ^ 0(p“ 1 0^ 1 (^)^) 
is a Nash map. 

Then there exists V C G such that A(v,<j>) — {( 9 V, 0g)}ge<3 is a Nash atlas for 
(G, •) and hence (G, •, 0| v)is a locally Nash group. 

We note that when (G, •) is an abelian group then (ii) of Fact 12.41 is trivially 
satisfied. So, in this case, the proposition says that each chart of the identity 
satisfying (i) induces a locally Nash group structure on (G, •). We anticipate 
from Lemma 14.21 that a chart of the identity (G, (0i,..., 0 n )) of (M n , +) with 
its standard analytic structure satisfies (i) if and only if it admits an algebraic 
addition theorem, i.e. if for some open neighborhood of the identity G'CG 
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and for each i G {1,..., n} there exists a P* G K[Xl, ..., X 2 n+ i], Pi 7 ^ 0, such 
that 


Pj(0l(-u), • • • , 4>n(u), 01(u), • • • , 0n(w), 0t(« + v)) = 0 011 U' X U'. 

Proof of Fact \2.4\ Firstly, given (P, eft) G -4, a chart of the identity satisfy¬ 
ing (i) and ( ii ), we will find V C U such that G equipped with A(y,<t>) := 
{{gV^g^geG where 

(f) g : gV ->■ M n : u cj) g (u) = (f(g~ l u) 

is a locally Nash manifold (for this only ( i ) is needed). Then, we will check that 
• : G x G —> G is a locally Nash map when G is equipped with A{y^y Finally, 
we will show that : G —> G is a locally Nash map when G is equipped with 
A(v,<j>) • This will complete the proof. 

Since the map of ( i ) is continuous, there exists an open neighborhood of the 
identity V C U' such that V ■ V C U' and V = V~ x . Moreover, we can assume 
that 0 ( 1 /) is semialgebraic (it suffices to take the preimage of an open ball 
centered in 0 of the identity and contained in the original 0(P)). We show 
that A{v,$)i as defined above, is a Nash atlas for G. We note that for each 
g G G 

(<iy _1 : H V ) ^ gV :x^ g(f~ l {x). 

So we have to check that if g,h E G are given such that gV fl hV ^ 0 then 

4>h ° {(pg)^ 1 '■ 0(1/ fl g~ l hV) —> 0(1/ D hT^gV) : x H > 0(/i~ 1 g0~ 1 (a;)) 

is a Nash diffeomorphism. Since V-V C U' and V = 1/ _1 , we have that h~ 1 g G 
U'. Semialgebraic sets are closed under projections, thus we can evaluate the 
map of ( i ) at ( 0 (h _ 1 g), x) to deduce that 

0 /i ° ( 0 s )” 1 : H u ') ->■ : x i y 0 (h _ 1 g 0 _ 1 (:r)) 

is a Nash map. Since <f>{h~ l gV ) is the image of 0(1/) by 4>h ° ((ftg)^ 1 and 0(1/) 
is semialgebraic, (j)(h~ l gV) is also semialgebraic. We note that 0(1/ fl h~ x gV ) 
is equal to 0(1/) fl 0(/i _ 1 gl /) and hence semialgebraic. So the map 

4>h ° (<; i>g)~ l : 0(1/ n 9 ~ l hV) -> 0(1/ n h~ l gV) : x t-G (f{h^ l gf)~ l (x)) 

is a Nash map. By symmetry, the same argument shows that (j) g o (< f > h ) _1 is 
also a Nash map. We recall from the theory of analytic groups that A(v,<j>) is 
an atlas for G. This implies that 0^ ° (0 S ) 1 is an analytic diffeomorphism and 
hence a Nash diffeomorphism. Therefore G equipped with A(y,</>) is a locally 
Nash manifold. 

Now we check that • : G x G —> G is a locally Nash map when G is equipped 
with A(v,o)- By Proposition 12.21 (3) it is enough to check that for each g,h G G 
there exist open neighborhoods of the identity Vi,V 2 C V such that 

4>gh°-°(((l>g)~]{.(l>h)~ 1 ) ■ <f>(V\)xf>(y 2 ) 0 ( 1 /) : (x,y) ^ 0 (h- 1 0 - 1 (^ 0 ~ 1 0 /)) 
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is a Nash map. Reasoning as in the first part of the proof and since the maps 
of (i) and (ii) for h are Nash, there exist open neighborhoods of the identity 
Vf, V 2 C V and Vf C V[ D C4 such that both 

00-0 (0~\0 _1 ) : <j)(v[) x 0(V 2 ) ->• <j>(V) : (x,y) ^ 0(0 _ 1 (x) • 0 _ 1 (z/)) 

and 

0 o _1 o 0” 1 : 0( V) —> <j>(V() : x H* 0(/i _1 0" 1 (x)h) 

are Nash maps. An adequate composition - which is also Nash - of the latter 
maps gives the map which was required to be Nash. 

Next we show that the map 

(*) 0 o -1 o 0 —1 : 0(V) —> 0(V) : x 1 —> 0((0 _ 1 (x)) _1 ) 

is Nash. Since the map of (j*j) is analytic (because A is an analytic atlas for 
(G, •)), it is enough to check that it is semialgebraic. Without loss of generality 
we may assume that 0 of the identity is 0. We note that since the map of (i) 
is Nash 

A := {(x, y) G <f>(V) x 0(V) : 0(0 _ 1 (x) • 0 _ 1 (z/)) = 0} 

is semialgebraic. Since each g G G has a unique inverse element and V = V -1 , 
it follows that 

A = {(x,y) G 0(R) x 0(R) : y = 0((0^ 1 (x))” 1 )}. 

Now since the projection of a semialgebraic set is a semialgebraic set, it follows 
that the graph of the map (j*j) is semialgebraic and hence the map of (j*j) is 
semialgebraic, as it was required. 

Now we check that -1 : G —* G is a locally Nash map when G is equipped 
with A(v,<t>)- By Proposition 12.21 (3) it is enough to prove that for each g G G 
there exists an open neighborhood of the identity Vj C V such that 

0 9 - 1 0 _1 O (09 )" 1 : H V l) ->• H V ) : X 0(^(0 _1 (^)) _1 ^ _1 ) 

is a Nash map. Reasoning again as in the first part of the proof and since the 
map of property (ii) for g~ 1 is Nash, there exists an open neighborhood of the 
identity Vf C V such that 

0 o _1 o 0 " 1 : 0(Vi) ->■ 0(V') : x 1 y 4>(g(p~ 1 (x)g~ 1 ) 

is a Nash map. Composing the latter map with the map in (j*j) we obtain a Nash 
map, which is the map required to be Nash. This completes the proof. □ 

Proposition 2.5. Let (G, •) be a locally Nash group equipped with a Nash atlas 
A. Then, for every chart of the identity (U, 0) G A, there exists an open subset 
V of U such that ( G , •) equipped with A is isomorphic as a locally Nash group 
to (G, -,0|v). 


Proof. Firstly, we will check that (C/,0) satisfies (i) and (ii) of Fact ITAl Then, 
by Fact 12.41 there exists V C U such that A(y,<j)) is a Nash atlas for (G, •). 
Finally, we will show that the identity map from G equipped with A to G 
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equipped with A(y,<j>) is a locally Nash diffeomorphism, and hence an isomor¬ 
phism of locally Nash groups. 

Let (U, 0) G A be a chart of the identity. Since • : G x G —> G is a locally 
Nash map when G is equipped with A, by Proposition 12.21 121 we deduce the 
following facts. 

(1) There exists an open neighborhood of the identity U' C U such that 
00-0 (0-\ 0" 1 ) : 0(H') X 0(H') -G 0(H) : (x, y) ^ 0(0- 1 (x) • <j>~\y)) 

is a Nash map. So (U, 0) satisfies ( i ) of Fact 12.41 

(2) Fix g G G and (IHi,0i), (W 2 ,0 2 ) £ A coordinate neighborhoods of g 
and g~ l respectively. Then there exist open neighborhoods W[ C W\ 
and W 2 C W 2 of g and g respectively such that 

0o.o(0- 1 ,0 1 - 1 ) : 0 2 (W') x MW{) 0(H) 

0,X) HG 0(0 2 1 (z) •0 1 1 (x)) 

is a Nash map. Similarly, there exist open neighborhoods U g C U and 
W" C W[ of the identity and g respectively such that 

0i o • o (0~ 1 ,0f 1 ) : <j)(Ug) x 0 1 (VF 1 ") ->• 0i(VF 1 / ) 

(x,r/) ^ 0i(0 _1 (^) • 0r 1 (?/)) 

is a Nash map. Since semialgebraic sets are closed under projections, we 
can evaluate the first map at z = 0 2 (g^ 1 ) and the second at y = 0i (g) 
to obtain Nash maps again. Then, composing both maps we deduce 
that (U, 0) satisfies (ii) for g of Fact 12.41 

Hence (U, 0) is under the hypothesis of Fact 12.41 and therefore there exists an 
open neighborhood of the identity V C U such that A(y<f>) is a Nash atlas for 

(G,0- 

Now we check that the identity map from G equipped with A to G equipped 
with A(y.(p) is a locally Nash diffeomorphism. By Lemma 12.31 it is enough to 
check that the identity map is both an analytic diffeomorphism and a locally 
Nash map. Since the identity map is an analytic diffeomorphism between the 
two analytic groups, it is enough to show that it is a locally Nash map. By 
definition it suffices to show that for each g,h G G with g G hV there exists 
(fFi, 0i) G A with g G W\ and an open neighborhood W[ C W\ fl hV of g such 
that (0i (fFi) is semialgebraic and) 

0 ft o 0f x : 0i(B / i / ) ->• 0(H) : x 0(h _1 0r 1 ( a; )) 

is a Nash map. Let g and h be fixed with g G hV. Let (fF 2 ,0 2 ) G A be a 
coordinate neighborhood of h^ 1 . Since h~ 1 g G V and • : G x G —> G is a locally 
Nash map, when G is equipped with A, there exist (VFi,0i) G A, coordinate 
neighborhood of g, and open neighborhoods W' 2 C W 2 and W[ C Hj of h _1 
and g respectively such that W 2 ■ W[ C V and 

0o-o (02 _1 ,0r 1 ) : (^ 2 (^ 2 ), il>i(W{)) 0(H) 

(x : y) ^ 0(0 2 _1 (x) - 0r X (2/)) 
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is a Nash map. Since semialgebraic sets are closed under projections, we can 
evaluate the map above at x — -0 2 (h _1 ) to deduce that 

4> h o 00 1 : ->• 0(F) : x i ^ 

is a Nash map as required. □ 

The next proposition will provide a sufficient condition for a pure homo¬ 
morphism of locally Nash groups to be a locally Nash homomorphism. Before 
proving it, we recall a result on semialgebraic maps giving a proof different 
from that in [5j. 

Fact 2.6 (0 2.4.1]). Let U be an open subset ofW rl and let f : U —>■ R m be a 
semialgebraic map. Then, there exists an open dense subset V C U such that 
f : V —> R m is Nash. 

Proof. Fix n and U Cl" We say that g :[/—)• R has complexity < d if there 
is a non-zero polynomial P in n + 1 variables with coefficients in R of total 
degree < d, such that P(x, g(x)) = 0 for all x £ U. We denote by S k (U ) the set 
of all semialgebraic functions from U to R such that all its partial derivatives 
up to order k exist and are continuous. We note that by [21 Lemma 2.5.2.] 
for each i £ {1,..., m}, there exists a polynomial Pi £ R[X 1; ..., X n+1 ] such 
that Pi(x, fi(x )) = 0, for every x £ U. Hence there exists C £ N such that 

all of fi,..., fm have complexity < C. By [2> Theorem 8.10.5] there exists 

r = r(n , C) such that for every open semialgebraic subset V of R”, every 
function that belongs to S r (V) of complexity < C is Nash. Take a C r cell 
decomposition of the graph of / (see for example [201 Ch.7 §3.3]). Consider 
the union of all cells of dimension n and let V be its projection over R n . Then 

the set V is an open dense subset of U and f\y is Nash. 

□ 

Proposition 2.7. Let G and H be locally Nash groups and let f : G —>• H be 
a homomorphism of pure groups. Suppose there exist charts (U, <f>) and (V, fj) 
of G and H respectively and an open subset U' C U such that f(U') C V and 
-0 o / o 0 -1 : </>([/') —>■ 0(F) is a semialgebraic map. Then f is a locally Nash 
homomorphism. 

Proof. Firstly, we note that by Fact 12.61 and restricting U' if necessary, we can 
assume that the map 0 o / o 0” 1 : f>(U') —> 0(F) is Nash. 

Now we prove that / is a locally Nash map, provided that f/'cf/ and F are 
neighborhoods of the identity of G and PI respectively. By Proposition 12.51 we 
can assume that the locally Nash groups G and H equipped with A{y,<t>) an d 
A(y,ip) are locally Nash isomorphic to the original structures. Let g £ G. We 
have that ( gU,f g ) and (f(g)V, 0/( 9 )) are charts of G and H respectively with 
g £ gU' C gU and f(g) £ f(g)V. By Proposition 12.21 131 it would be enough 
to show that the map 

fjf(g) ° / ° 1 : 0(F') ->■ 0(F) 
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is Nash. The latter is true since 


0/(<?) ° / ° 0( x ) = (^/(s) ° /)(S0 1 ( x )) = 

= ^f{g){f{ 9 )f{^ l {x))) = if(f(g)~ 1 f(g)f((j)~\x ))) = ^(/(0' 1 (a;))) 
and if o f o 0 _1 is Nash. 

It remains to prove that we can assume that the relevant open sets can be 
taken neighborhoods of the identity. Fix g G U'. Since the group operation 
of G is a locally Nash map, there exists a chart ( Uq , fo) of G and an open 
neighborhood of the identity U( C Uq such that gU,( C U' and the map 

L g ■ M U o ) “>■ : x hg 1 ( a; )) 

is a Nash map, in particular semialgebraic. Similarly, there exists a chart 
(Vo, '0o) of the identity of H and an open subset V' E3 f(g) of V such that 
f(g) Ll V' c Vb and 

L f(g )- 1 : V’o(Vb) : x hg V»o(/(^)“V _1 (®)) 

is a semialgebraic map. By continuity and since (-0 o / o 0 _1 o L g )(cf 0 (e)) = 
ijj(f(g)), we can take U( small enough so that 

(V> ° / ° 0 -1 ° L g)iM u o)) c V’OO- 
In particular the composition 

Lfig)- 1 °' l ! J ° f ° ° L g : 0o(^o) V’o(Vo) 

a ^ ^o(/(0o 1 (^))) 

is a semialgebraic map, as required. □ 

Next we will characterize those isomorphisms of pure groups which are iso¬ 
morphisms of locally Nash groups. 

Proposition 2.8. Let G and H be locally Nash groups equipped with atlases 
A and B respectively. Then, a continuous isomorphism a : G —> H is an 
isomorphism of locally Nash groups if and only if there exist (for all) charts 
of the identity (I/, <f>) G A and (V, if) G B with an open neighborhood of the 
identity W C U D a -1 (P) such that if o a is algebraic over M(</>) on W. 

Proof. We first prove the right to left implication. Fix i G {l,...,n}. By 
hypothesis ifi ° a is algebraic over R(</>) on W and therefore, since f is a 
diffeomorphism, ifioaof^ 1 is algebraic over R(id) on <f(W). Hence there exists 
a polynomial P G M[x][F] such that P(x, ( ifioaof -1 )(x)) = 0 for all x G <f(W). 
Without loss of generality, we can assume that <f{W) is semialgebraic. Then, 
by the proof of [2, Proposition 8.1.8] and since ifi ° a ° 0” 1 is continuous, we 
obtain that each coordinate function ifioaotf^ 1 is a semialgebraic function on 
(f{W). By Proposition 12.71 we deduce that a is a locally Nash map. Moreover, 
we also have that the inverse of the above map, 

f o a~ l o if~ l : if(a(W)) —> <f(W) C (f(U), 
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is semialgebraic and therefore, again by Proposition 12.71 we deduce that a 1 
is a locally Nash map. Thus a is a locally Nash isomorphism. 

Now, we show the left to right implication. Fix charts of the identity (U, 0) G 
A and (V,0) G B. Since a is a locally Nash map, by Proposition 12. 21 (2) there 
exists an open neighborhood of the identity W C U fl such that 

0 o a o 0 _1 : (j){W) —» 0(V) : x H > 0(a(0 _1 (£))) 

is a Nash map. So 0 o a o 0 _1 is algebraic over R(id) on <j)(W) and hence 0 o a 
is algebraic over R(0) on PF as required. □ 

Proposition 12.81 leads to an immediate corollary: 

Corollary 2.9. Let (G, •) equipped with a Nash atlas A be a locally Nash group. 
Let(U,(j)) and (V, if) be charts of the identity of A. If(G,-,4>\u) and(G,-,if\v) 
are locally Nash groups then they are locally Nash isomorphic. 

Proof. Since (C/,0) and (V, '0) are charts that are Nash compatible, 

0 o 0 —1 : 0(CC n V) —> if(U fib) : x t-G 0 o 0 -1 (x) 

is semialgebraic. So 0 is algebraic over R(0) on C/nF. Now apply Proposition 
12.81 taking a as the identity map. □ 

As a special case of Corollary 12.91 we have that if there exists neighborhoods 
of the identity U and V such that (G,-,(f\u) and (G, -,0|y) are locally Nash 
groups then both are locally Nash isomorphic. 

3. Algebraic Addition Theorems. 

In this section we review the principal properties of algebraic addition the¬ 
orems which can be found in the literature and we prove some new ones, in 
particular Theorem 13.121 Since most of the main references on this concept 
are outdated, we include proofs with modern notation. We will work with 
power series instead of with germs of analytic functions. There are two good 
reasons to do this. The first one is that most of the classical sources about 
algebraic addition theorems follow this line. The second one is that working in 
an algebraic context we can remark that some calculations are formal. We do 
not want to think in terms of germs and meromorphic functions yet, this will 
be done in the next section, where we will extend our results to meromorphic 
and real meromorphic functions. 

Firstly, we introduce the notation for the power series. Let K be € or R. 
Let Ak,™ be the ring of all power series in n variables with coefficients in K 
that are convergent in a neighborhood of the origin. We recall that A ¥i _. n is an 
integral domain. Let M^ n be the quotient held of A K n . For each e > 0 we 
denote U^ >n ( e ) the open ball {k G K n : ||fc|| < e}. Since we will only consider 
convergence over open subsets of C n , we denote U n (e) the open ball Uc, n ( e )- 
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Thus, we say (0i,..., 0 m ) G M^ n is convergent in U n (e) if each 0i,..., 0 m is 
the quotient of two power series convergent in U n (e). 

Let us recall the relation between power series and analytic functions (see [6] 
and [12] for basic notions of complex and real analytic geometry respectively). 
Let U C K” be an open connected neighborhood of 0. We denote by 0^ n {U) 
the ring of all analytic functions in U and by 0^ n the ring of germs of analytic 
functions at 0. For each / in 0^ n (U) or Ok,u we denote by * f its Taylor power 
series expansion at 0. The map 

a '■ ^K,n —> Ok, n : 0 e-)• a 0 

that assigns to each (p the germ of the analytic function 

a cp : ->• K : k ^ <p{k) 

where C K n is an open neighborhood of 0 where 0 converges, is an isomor¬ 
phism of rings whose inverse is given by the Taylor power series expansions at 
0. 

On the other hand, by means of the identity principle for analytic functions, 
both O^niU) and Ok.u are integral domains. We denote by M.K,n(U) and 
A^k ,n their respectives quotient fields. The maps a and t are naturally defined 
for these quotients fields and give us also an isomorphism of M K ri and M.K,n- 
Similarly, we define a and 1 for tuples. 

Remark 3.1. A meromorphic function on U is a global section of the sheaf 
over U whose stalk in x G U is the quotient field of the germs of analytic 
functions in x. In other words, a meromorphic function on U is given by an 
open covering {Uj}j £ j of U and a collection of analytic functions hj,gj : Uj —* 
C such that 

■ h £ = g e - hj in Uj n U f: . 

Although clearly the elements of n{U) are meromorphic functions, the 
converse is not necessarily true. The problem of determining whether or not 
the converse holds for a certain U is known as the Poincare problem. For 
example, it holds if U = C n (see [6J Ch. VIII, §B, Corollary 10]). 

Now we give a more precise formulation of algebraic addition theorem. 

Notation 3.2. Let (p := (cp 1: ... : (p m ) G M^ n be convergent in U n {e), let 
k G U-K, n { e ) an d let (u, v ) := (iq,..., u n , iq,..., v n ) be 2 n variables. We will 
use the following notation: 

(1) <£(«,«) := (01 (m), • • •, (pm{u), 01 (u),..., (p m (v)) G M^ n . 

(2) (p u+v := (0!(u + v ),..., (p m (u + v)) G M^ 2n . 

(3) (p u+k := (0i(u + k ),..., (p m {u + k)) G M^ n . 

Given <p G and 0 G we say that 0 is algebraic over K(0) : = 

K(0i,..., ip m ) if 0i,..., (p n are algebraic over K(0). 
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Definition 3.3. We say <p G M^ n admits an algebraic addition theorem 
(AAT) if (j>i, ..., cj) n are algebraically independent over K and <p u +v is algebraic 
over K(0 (M; „)). 

The rest of the section is divided as follows. Firstly, we will adapt some tech¬ 
nical lemmas of [3] and [T9] to our context to prove some separated rationality 
result (Proposition 13.7j) . these results will be needed for proving Theorem 13.121 
Secondly, we will prove some properties of elements of M^ n admitting an AAT 
and Theorem 13.121 Finally, we will prove some properties of differentials that 
will be needed for proving Theorem 14.31 in Section U when we consider AAT 
related to charts of the identity of locally Nash groups. 


3.A. A separate rationality result. We begin with some technical lemmas. 

Let u = (mi,..., Up) and v = («i,..., u q ) be variables and let 0 G M^ p+q be 
convergent in U p+q (e), that is, 0(w,u) = f|^y for a, /3 E A KtP+q convergent in 
U p+q (e). Given a point k G K q we write 0(n, k ) G M KjP if f3(u, k ) ^ 0. 

Lemma 3.4. Let 0 := (0i,..., 0 m ) G Mfff n be convergent in U n (e). Let p,q G 
Id such that p + q = n. 

(1) There exists an open dense subset U ofU^nir) such that 

> : U -> K m : k ^ <j)(k) 

is an analytic function. 

(2) There exists an open dense subset V of U^ q (e) such that 

yc^G^i^TjGiy. 

(3) If there exists an open subset W of U^. q {e) such that 

W C {a G U^ q (e) : (j>(u, a) G M KiP and (f>(u, a) = 0} 
then 0 = 0. 


Proof. For each i G {l,...,m} let oti,a m+i G A Kn , a m+i ^ 0, such that 
pi = . For each % G {1,..., 2m} let “ctj : U n (e) —> K : k i —y a.i{k). 

For the first property we note that since a a m+ i,... , a « 2 m are analytic in 
U n (e) and not identically zero, the set 

U := {k G U Ki n(e) : a m+1 {k) • ... • a 2m (fc) ^ 0} 
is an open dense subset of U^ n (e) by the identity principle. 

For the second property we may project and take the open set V := vr(G). 

For the third property we note that since “cti,... , a a m are analytic in U and 
identically zero in {(a,b) G U : b G TF}, they are identically zero in an open 
subset of U. So = ... = a m = 0. □ 
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We anticipate that in the next lemma the hypothesis that f(u, v ) G M Ki2n is 
convergent in {(a, b) G C 2n : a + b G U n (e)} can be weakened to be convergent 
in some open subset of C 2n containing U n (e) x {0}. 


Lemma 3.5. Let e > 0. Let </> G M^ n be convergent in U n (e) and (j>i,... ,(j) m 
algebraically independent overK. Let f(u,v ) G M Kj2n be convergent in {(a, b) G 
C 2n : a + b G C n (e)} and f(u, k) G M K>n /or all k G £/ K ,n(e)- If f(u,v) is alge¬ 
braic over K(0( Ui „)) t/ien f(u, k ) is algebraic over K(/>(m)) for each k G Lic,n(e)- 
Furthermore, there exist N G N and h < N such that for each k G E/]K,n(e), 
minimal polynomial of f(u, k) over K(0(n)) can &e written in the form 


h -1 




h s m 




where K[Xi,..., X m ]- N denotes the polynomials of K[Xl, ..., X m ] whose de¬ 
gree in each of the variables X 1 ,..., X m is bounded by N. 


Proof. We could try to evaluate the minimal polynomial of f(u, v ) over K(0( U] „)) 
at k but we may have problems if any of the denominators becomes the zero 
polynomial in K(0(n)). So we are going to modify the original polynomial 
while keeping the original degree. 

Since f(u, v ) is algebraic over K(0( Ui „)) and ... ,4> m algebraically indepen¬ 
dent over K, there exists P G K[Xi,..., X 2m ][Y] such that P(<f>( UtV y,Y ) ^ 0 
and P(<f>(u tV y, f{u,v )) = 0. Hence, there exists N G N such that 

P(X 1 ,...,X 2m ,Y)= V a jJV/ X? l ...X£rX^ l ...X£Yi, 

j,iu,u<N 

with aj tfltU G K and where for each 5 G N m , 5 < N denotes 5\ < N,... ,5 m < N. 
We will prove that this N is the required one in the statement of the lemma. 
Firstly we prove some claims. 

Claim 1. There exists an open dense subset U of U^ n (e) such that for each 
k G U, P(Xi, ..., X m , 0(fc); Y) is a non-zero polynomial of K[Xi, ..., X m \ [Y], 

Proof of Claim{7\ By Lemma HOI (1) there exists an open dense subset W C 
such that 

W C {k G U K , n (e) : 0(fc) G K m } 
and a (j) : W —$■ K m : k hg <f{k) is analytic. Let 

U := {k G W : P(Xi, ...,X m , Y) ± 0}. 

Since W is an open dense subset of U^ n (e), to prove the claim it is enough to 
show that W \ U is closed and nowhere dense in W. Clearly W \ U is closed in 
W since “</ is continuous in W. For the density, we note that if W\U contains 
an open subset of W then 

{k G C/ K ,n(e) : P(<f>(u),<j>(k)-,Y) G M K , n+1 and P(0(w), (f(k); Y) = 0} 

contains an open subset of U^ n (e) and therefore P(^ u>v yY) = 0 by Lemma 
13.41 (3). This finishes the proof of Claim [TJ 
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Claim 2. For each k G U^ >n (e) there exists Qk G KfJW,. .., X m ] [Y] such that 
Qk(<f>(u)] Y ) y 0, Qk(4>(u); f(u, k)) = 0 and Qk is a sum of monomials of the 
form 

aXQ ...Xf^Y\ ael, /n,..., < N, j < N. 


Proof of Claim® We follow the proof of [3} Chap. IX. §5. Theorem 5]. For 
each k G W, where W is as in the proof of Claim [H let 

Pk(X u • • •, X m ; Y) = Y dj,», k X? ... X£"Y j 

j,U<N 

denote the polynomial P(Xi,... , X m , 4>(k)] Y). By Claim Q] there exists an 
open dense subset U of U^ n (e) where P k y 0 for all k G U . For each k G U, 
we define 

E(P k ) := ]T ||<WI| 2 . 

j,V<N 

We note that E{P k ) > 0 for all k G U. For each k G U, let 


Qk{X u ..., x m] Y) := b^k X'Q ... X'^Yf 

j,H<N 


where 


D j,r,k ■ z 


VWk)' 


So, we have, for each k G U, Q k {<j)(u)]Y ) y o, Q k (f>(u)] f(u, k)) 
E(Q k ) = 1. We define 


v(k) := {b j>li>k )j^<N G {z G j& ( ^+ 1)lm+1) : \\z\\ = 1}. 


0 and 


Take k G U^ n (e) \ U. Since U is an open dense subset of U^ n (e), there exists 
a Cauchy sequence {fc r } re N C U that converges to k. For each k r , the identity 
Qk r ( ( t ) ( u ); f ( u , K)) =0 holds, therefore 


Y • • • <,t>m(uY m f{u , k r y = 0. 

j,n< n 

By hypothesis there are a, (3 E ^K, 2 n, P y 0, convergent in {(a, &) G K 2n : 
a + b G U n (e)}, such that f(u,v) = In particular 

(*) Y b j^,k r (pi(uT 1 ■ ■ ■ (/> m (uY m a(u, k r y/3(u, k r ) N ~ J = 0. 

j,U<N 

Since {z G K^ Ar+1 ^ (m+1) : ||z|| = 1} is compact, taking an adequate subsequence 
we can assume that the limit of the sequence {F(Ay)} re N exists. For each 
j, ft < N we define 

bj-jiM '■= Inn bj^ik 7 .■ 

s —^OO 

Since a and /3 is continuous, when r tends to infinity equation (J*j) becomes 

Y • • ■ 4>m(uT m Oi(u, kyp(u, k) N ~ J = 0. 

j,u< N 
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So dividing by (3(u, k) N , we also have 

E i(w) w • • • 0m(w) /im /(M, ky = 0 

j,H<N 

and hence the polynomial 

Qk(x u ... j Xm+1 i n:= E 

satishes Q k (<f)(u), f(u,k)) = 0. We note that E(Q k ) = lini^c 0 E(Q kr ) = 
1, so Q k y 0. Since <pi,..., (j) m are algebraically independent over K and 
Q k (X ll ..., X m , Y) y 0 then Q k ((j)(u),Y) Y 0. This finishes the proof of 
Claim [2j 


Claim [2] implies that f(u, k ) is algebraic over K(0(n)) for all k 6 U^ n (e). It 
remains to check the conditions on N and on the minimal polynomials. Fix 
k e U^ n (e). Let A(Y) := Q k ((j>(u)-,Y), where Q k is the polynomial of Claim 
El By definition of Q k , in the proof of Claim E] we have 

d -1 

A(Y) = A d Y d + J2^Y j , A Q ,...,A d e K[0(u)], A d ± 0, d < N 

3=0 

where each of Aq,. .. ,A d is a sum of monomials of the form 

a0i(w) Ml .. .(j) m (uY rn , a G IK, 0 < Hi,., ./dm < N. 


Let 


B(Y) = Y e + , B 0 ,...,B e eK[<i>{u)] 

be the minimal polynomial of f(u,k ) over K(0(n)). Since f(u,k ) is both a 
root of A(Y) and of B(Y), there exists 


t -i 

C(Y) = C e Y e + E CjY\ 

3=0 


C 0 ,...,C e eK[(j>(u)] 


such that A(Y) = B(Y) C(Y). Therefore 

t d —1 \ f e —1 

A d Y d + E A i yj I = 

U ' ) \ 


l -1 


B e Y e + E B j yj C(Y £ + E CjY j . 


j=o 


We note that K[</>(w)] = KpC,..., X m ] because (pi, , (j) m are algebraically 
independent over IK. Since ]K[0(n)][F] is an UFD and B{Y) is irreducible, 


e —1 d— 1 

B e Y e + E B j yj divides A d Y d + E A j yj in K[0(n)][F]. 

3=0 3=0 


This implies that each of B$,... ,B e is a sum of monomials of the form 


acpiiuY 1 ... (pm{uY m , a 6 IK, 0 < Hi,... fi m < N. 

This proves the statement for f(u, k ). Since k was fixed, we are done. □ 
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In Proposition 13.71 we will adapt to our setting a well known result that says 
that a complex analytic function f(u,v ) that is rational in u, for each fixed v, 
and rational in v, for each fixed u, belongs to C (u,v)] see [3] Chap. IX. §5. 
Theorem 5] for details. We begin with a lemma based on [1£[ Chap. 5. §13. 
Theorem 1] that we include for completeness. 

Lemma 3.6. Let T := (0 O , • • •, ipn) G M-^ 1 be convergent in U n (e). Let 
, 0 i,...,'0n be algebraically independent over K and let ijj 0 be algebraic over 
K(-0i, ... Let if := (-01,... ,fjn) and let h be the degree of the minimal 

polynomial of if o over IK(0). Let f(u,v ) G be convergent in U^e). 

If there exists N G N such that for each k G U^ n (e) we have that f(k,v ) G 
K(T(i>)) and there are Ri , Si G K[Xi,.. . ,X n ]- N , Si ^ 0, such that 


f(u,k ) 


X 


Ri(if(u)) 


•0o («)* 


then f(u,v) G K(T (u ^)). 

Proof. We denote by Hi(u, v ),..., H m (u, v ) the monomials 

Mu) ai ■ Mu) ao Mu) ai ■ 

with 0 < a 0 < h — 1 and 0 < aq,..., a n < hN (so m := (h + 1 )(hN + l) n ). 
Firstly we show that if there exists an equation of the form 

( 1 ) + • • • + €m(v)H m (u, v) = 0 , 

where £i(u), ■ ■ ■ i£m( v ) G K('F(u)) and not all of them are 0 then we are done. 
We may assume that there exists i < m such that f(u,v) appears in the 
monomial Hi(u, v) if and only if i < i. If £;(w) 7 ^ 0 for some i < i then we are 
done. Indeed, since ipi,,ij) n are algebraically independent over IK, we can 
solve equation © with respect to f(u, v ) to deduce that f(u, v ) G 1K(^/( U) „)). So 
it is enough to show that £;(u) 7 ^ 0 for some i < I. Suppose for a contradiction 
that fi(v) = 0 for all i < I. Since not all £i(u),..., £ m (w) are 0 we may 
assume that & + i(u) 7 ^ 0. By Lemma HLU(l) there exists k G Uk,ti(c) such that 
£1 (k),... ,£m{k) G IK and £^+i(fc) 7 ^ 0. We note that H e+1 (u,v),.. .,H m (u,v) G 
K(T(u)). Since they do not depend on v, we denote them by Hfu). Evaluating 
equation (TIT) at v — k we obtain that 

£e+i{k)He+i( u ) + ... + f m (k)H m (u) = 0 

where & + 1 (fc) 7 ^ 0. Since the degree of each Hi(u) in the variable ifo( u ) is 
smaller than that of the minimal polynomial of over K( 0 ), we must have 
£^ + i(/c) = ... = f m (k) = 0 , a contradiction. 

We now show how to obtain equation (JT]). If f(u, k) = 0 for each k G U^ n ( e ) 
then f(u,v ) = 0 by Lemma [3.41 131 and there is nothing to prove. So we may 
assume that there exists k G U^ n (e) such that f(u, k ) 7 ^ 0. By hypothesis for 
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this k there are Ri, Si G IK[X 1; ..., X n ]- N , Si ^ 0, such that 


h -1 


f(u,k) = 2^ • 


Si(ip(u)) 


Clearing denominators we get 


( 2 ) 


h -1 

S(0O))/O, k ) = Yl jR i(^( M ))V ; o(M) 1 

i=0 


where i?', S' G K[Xi, ..., X n ]- hN and S ^ 0. We also recall that h and N 
do not depend on k. Now we follow [3, Chap. IX. §5. Lemma 6]. Let 
«(!),..., W( m ) be independent n-tuples of variables and let D(v, u p),..., U( m )) 
be the determinant of 


H(v, up), ■ • •, 


"#i(u( i),n) Hi(u(2),v) ... Hi(u( m ),v)~ 

H 2 {u { i),n) H 2 (u {2 ),v) ... H 2 (u {m) ,v) 

lpu) 2)W) ••• _ 


By equation ([2]), for each k G CK,n(e) the monomials Hi(u, /c),. .. ,H m (u , /c) are 
linearly dependent over IK. Since 


{k G CK,„(e) : L>(/c, u ( q,..., u (m) ) G M K , m „ and D(fc, up } ,..., u (m) ) = 0} 

is f/K, n (e), -D = 0 by Lemma 13.41 (3). Expanding the determinant of H with 
respect to its last column, replacing U( m ) by u and denoting (up),..., U( m _q) 
by up), we obtain a new equation of the form 

Xi(n,«(*))#!<>, w) + ... + Xm(v,u^)H m (u,v) = 0, 

where 


Xi(v, «(*)),.. .,Xm(b«w) e : 1 < i < m - 1, l<j<m). 

Without loss of generality we may assume that not all the xi , • ■ ■, Xm are 0. 
Indeed there is a minor of D of order v G (0, m) that is not zero and thus we 
can assume that v = m — 1. Now, fix i G {1,..., m} such that Xi( v -> u (*)) 7^ 0- 
Then by Lemma [3~4l (2) there exists a := (ap),..., a( m _q) G U^ m - q n (e) such 
that 

Xi(v, a),..., Xm(v, a) G M K!n and y0u, a) ^ 0. 

We note that by hypothesis /(ap), v ),..., /(a( m _q, u) G K(T(u)), therefore 
yq(u, a),..., Xm(v, a) G K(T(u)). Since x;(u,a) ^ 0, evaluating u(*) at a we 
obtain an equation as in (JT]). This concludes the proof. □ 


With the previous lemmas we can follow the proof of [191, Chap. 5. §13. 
Theorem 1] and apply it to our context. 

Proposition 3.7. Let T := (-00, • • • , 0n) £ b e convergent in U n (e). Let 

0!,...,0 n be algebraically independent over K and let 0 O be algebraic over 
K(0 1; ...,0 n ). Let f(u,v ) G M K) 2 n be convergent in U 2n (e ) and algebraic 
over If for each k G U^ n (e) both f(u,k ) G K(\P(u)) and f(k,v ) G 

K(T(n)) t/ien /(u,u) G K(T (u ^)). 
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Proof. Let if := (if i,..., if n ). Let 

P(X) = X h + P^- 1 + ... + P h E K(if)[X]. 

be the minimal polynomial of ifo over K(^). We note that K('b) is isomorphic 
to K(Xl, ..., X n )[X]/(P(X)). For each k E U^ n ( e ) let fk denote f(u, k ), then 
by hypothesis 

fk = S K1 (lf)lfb- 1 + S k ,2(lf)lfo~ 2 + • • • + S k}h -l(i>)'lfo + S k ,h(tf) 

for some S ki 1 ,..., S ki h £ IK (Ad,..., X n ). By Lemma [Till we only need to check 
that there exists N E N such that for each k E U^nfe) each of S k , i,..., S k ,h is 
the quotient of two polynomials in K[X 1; ..., X n ]- N . 

Fix k E U^ n (e). Let £ 1 , ■ ■ ■ ,£h be the h roots of P(X). For each a algebraic 
over K(if) let a(a) denote its trace, hence a(if 0 ) — £1 + ... + E K.(if). For 
each i E {1,..., h} we define 

/f := + s h 3 mt 2 + • ■ ■+ s k .H- i(m+ &,*«o- 


~ch— 1 
Si 

th— 1 
S2 

7 

th -2 
SI 

th- 2 
S2 

th -2 

• • • S/i 

6 

6 

ih 

1 

l 

i 


An easy computation shows that LL l = [a(ifl h ~ l ~ 3 )] anc l so its coefficients 
belong to K.(if). Since de^LL 1 ) = — 0) 2 anc l K(V’) is separable, 

LP is invertible. We note that K(^) is isomorphic to K(X 1; ... ,X n ) because 
ifi ,..., if n are algebraically independent over K. Hence in an abuse of notation 
we identify each S k ^ with S k ,i(if). With this convention, 


fW r( 2 ) f( h ) 

J k i J k > • • •) J k 


[5 fci i, S kj2 ,..., S k , h ] L 


and (j(f k ifi) = E?= i fk^i for each 3 e N, so 

[Sk, 1, S k) 2,..., S k)h ] = [(rifk'if o _1 ), o{f k if o~ 2 ), ■■■, o(f k if o), ar(f k )] (LL 1 )^ 1 . 

Since L does not depend on k, it is enough to show that there exists N E N 
such that for each k E U^ n (e) each a(f k if l f ~ 1 ),..., a(f k ) can be written in the 
form A(if) / B(if) for some A, B E IK[Xi,..., X n ]- N and B^O. 

Now, we fix j E {0,..., h — 1} and k E U^ n (e) and we check the state¬ 
ment above for a(f k if J 0 ). Since if 0 is algebraic over K.(if), by hypothesis both 
f(u,v ) and ifo(u ) are algebraic over IK(^( U>V )). Now we apply Lemma [3751 to 
f(u, v)if 0 (uy to deduce that there exists N E N such that for each k E U^ n (e) 
the minimal polynomial of f k if 3 Q over ¥L(if) can be written in the form 


h -1 


y “+£ 


AW 

ts 
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for some Bi G K[X 1; ... ,X n ]- N and Bi ^ 0. Finally, since k was fixed and 
o) = ~Ah-i (0)/ Bh-i (0), we are done. □ 


3.B. Some AAT results and the proof of Theorem 13.121 Next, we 
show additional properties for those elements of M^ n that admit an AAT. We 
begin with a corollary of Lemma 13.51 We shall use the notation introduced in 
Notation 13.21 

Corollary 3.8. Let 0 G be convergent in U n (e). If 0 admits an AAT 

then 4> u+ k is algebraic over IK(0) for each k G 

Proof. Let f(u,v ) := 0(w + v). Since 0 admits an AAT and f u+ k = f(u, k ) G 
for all k G U n (e), we are under the hypothesis of Lemma [3751 □ 

Although we will not use it, the proof of Lemma [3751 can be adapted to prove 
that if 0 G M^ n admits an AAT then the formal derivative d Uj <f>i is algebraic 
over K(0) for each i, j G {1,..., n}. 

Lemma 3.9. Let 0,0 G M^ n and suppose that 0 is algebraic over IK(0). If 
0 admits an AAT then 0 admits an AAT. The converse is also true provided 
4>i,... ,4> n are algebraically independent over IK. 

Proof. Assume that 0 admits an AAT, hence 0i,..., 0„ are algebraically inde¬ 
pendent over IK because 0 is algebraic over K(0). To check that fj u+v is alge¬ 
braic over K(0( UiW )) it is enough to show that ip u+v is algebraic over IK(0 u+1) ), 
4> u+v is algebraic over K(0( Uj „)) and <f( U)V ) is algebraic over K(0( U) „)). The three 
conditions above are trivially satisfied because 0 admits an AAT and both 0 
is algebraic over K(0) and 0 is algebraic over K(0). 

The converse follows by symmetry because if 0i,...,0 n are algebraically 
independent over IK then 0 is algebraic over K(0). □ 

Now we adapt to our context a result of AAT due to H.A.Schwarz, see [TJ 
Chap. XXL Art. 389] for details. 

Lemma 3.10. Let 0 G M^ n be convergent in U n (e) and admitting an AAT. 
Then there exist a finite subset V C t/K, n (e); 0 G D and e' G (0, e] such that 
each element of IK(0 u+c z : d G V) is convergent in U n {2e'), and there exist 
A 0 ,..., An G IK(0( u+( i !W + ( i) : d G V) convergent in f/2 n (2e') such that f> u +v is 
algebraic over IK(A 0 , ..., An) and for each I G {0,..., N} 

(t) A e (u, v ) = A e (u + k,v - k) for all k G U Ktn (e'). 

Proof. Fix i G {1,... ,n}. Let S 0 {0} and IK 0 := K(0( u ^)). Let 

N 0 

Po(X) = X No+1 + J^A 0/ (u,v)X e 
1=0 

be the minimal polynomial of <fi{u-\-v) over IK 0 . If each A 0 y satisfies property 
([f]) for e' = 2 -1 e then we are done for this i letting e' := 2 _1 e, V := S 0 and 
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Ai := Aqj for each 0 < £ < N 0 . Otherwise, there exists k\ G U^ n ( 2 _1 e) such 
that 

N 0 N 0 

Qo(X) := X No+1 + A 0 / (u, v)X e - X N ° +1 - AAu + k u v- h)X e 

e=o e=o 

is not zero. Since u + v — (u + kf) + (v — kf), we deduce that cpi(u + v) is a 
root of Q 0 (X). Let <Si := S 0 U {ki, —k\} and K x := K((p u+kjV + k : k G <Si). By 
definition K 0 C Kb. Let 

Ni 

Pi(X) = X N ' +1 + Y A hiAx)X e 
£=0 

be the minimal polynomial of (pi(u + v) over Ki. We note that the elements of 
Ki are convergent in U 2 A 2 _1 e). If each satisfies property ([[]) for e' = 2~ 2 e 
then we are done for this i letting e' := 2~ 2 e, T> := 5i and A ( := for each 
0 < l < Ni. Otherwise, we can repeat the process to obtain sets S 2l S 3 and 
so on where the set S r is obtained from the set 5 r __i as 

S r S r —1 U \k -I - k r \ k G U \k — k r ; k G 

for some k r G f/K,n(2 _r e) such that Q r -i is not 0. Similarly, we obtain K r : = 
K((p u+k>v+k : k G S r ) whose elements are convergent in L2n(2~ r e). Since in 
the r repetition the degree of P r is smaller than that of P r -i, this process 
eventually stops, say at step s. Letting e' := 2 -s-1 e, V := S s and A^ := A s 
for each 0 < £ < N s , we are done for this i. The elements A 0 ,... ,Ajy s are 
convergent in U 2 n ( 2 e r ) since they are elements of K s . 

For each i (1 < i < n) denote by e', T>i and Aq, ..., A l N the elements e', 
V and Ai,... ,A n previously obtained for that choice of i. To complete the 
proof, take V := Uj'Dj, e' := rnin,{e'}, and let {A 0 ,... , kljv} be the union of 
the sets {A l 0 ,..., A l N ,}- □ 

We need one more lemma before proving Theorem 13.121 

Lemma 3.11. Let (p G M^ n be convergent in U n (e) admitting an AAT. Then 
there exist e" G (0, e] and T := (ip 0 ,...,ip n ) £ M^ 1 convergent in U n (e") 
and algebraic over K(0) such that ip := (ipi ,..., ip n ) admits an AAT, ip 0 is 
algebraic over K.(ip) and for each f G K(T) there exists 5 G (0,e"] such that 
for each k G U^ n (5), f u+k G K('F) and f u+k is convergent in U n (e"). 

Proof. We will define a field L and we will check that this L satisfies the 
conditions of the theorem. Once this is done, we will find T such that L = 
K(T). 

Let e' G (0, e], V C U K ,n(c) a nd A 0 ,..., A N G K((p(u +d , v +d) : d G T>) be the 
ones obtained applying Lemma [3.101 to <p. By Lemma [3.41 (11 there exists an 
open dense subset U C U^ n (c') such that 

U C {a G U K)n (e') : (p(d + a) G K n for all d G V} 
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and 


U C {a G U^ni 6 ') '■ A 0 ( u i , An(u, a) G M^ n }. 

In particular U C {a G Uk,ti(^) ■ 0(a) £ IK n } since 0 G D. Since 17 is open 
there exist b G 1/ and e" G (0, e' — ||6||] such that 

V:={ae U K , n {e') : ||a - b\\ < e"} C U. 

Fix such b. Then, for each a G U^ n (e"), each Ag(u, b+a ) is an element of M^ n . 
We note that since each Ag(u,v) is convergent in f/ 2n (2e / ) and by definition of 
b and e", each Ag(u, b + a ) is convergent in U n (e') for each a G U^ n (e"). Also, 
since each Ag satisfies the property ([[]) of Lemma 13.101 

(t&) A e (u, b + a) = Ag(u + a, b) for all a G U K ,n( e ")- 

For each i G {0,..., N} we define Bg(u) := Ag(u, b). Let 

L := IK((P^) u+a : a G U^ n {e"), 0 < £ < N ). 

Since for each a G U^, n (e") each Ag(u, b+a ) is convergent in U n (e'), by property 
( pjy| ) all the elements of L are convergent in U n (e') and in particular in U n (e"). 

We are going to show that 


L C K(0 u+d : d G T>) 

and that each element of L is algebraic over K(0). Fix i G {0 ,... ,N} and 
a G U^ n (e"). We recall from Lemma l3.lOl that Ag(u, v ) is convergent in U2 n (2e') 
and A(u,v ) G ^{4>( u +d,v+d) ■ d G V). Hence we can evaluate Ag(u,v) at 
v = b + a to deduce that Ag(u, b + a) G K(0 u+ d : d G V). Thus, by property 
fltbj), Ag{u + a,b) G K(0 u+d : d G V). Hence, L C K(0 u+d : d G T>) and 
therefore, by Corollary 13.81 each element of L is algebraic over K(0). 


Next, we show that 0i (u+b ),..., cj) n (u+b ) are algebraically independent over 
K. Let P G K[Wi,..., X n ] such that P((j) u+ b) = 0. By notation P(0 M+ {,(a)) = 0 
if and only if P(0(a + b)) = 0, for a G U^ n (e"). Hence 

V C {a G U%, n {c) : P(0(a)) G K and P(0(a)) = 0}. 

Since V is open in PK, n (e), P(0) = 0 by the identity principle. Since 0i,... ,0„ 
are algebraically independent over K, P = 0 and we are done. 


Next, we show that L is finitely generated over K and its transcendence 
degree is n. Firstly, we note that 0 is algebraic over K(0 u+ &) because the coor¬ 
dinate functions of (f) u+ b are algebraically independent over K and 4 > u +b is alge¬ 
braic over K(0) by Corollary 13.81 Since (j) u+v is algebraic over IK(A 0 ,..., A N ), 
evaluating each Ag(u,v) at v = b we deduce that 4> u+ b is algebraic over 
K(P 0 , ..., B n ). Therefore, 0 is algebraic over K(P 0 ,..., B N ). On the other 
hand, K(P 0 ,..., B N ) is a subset of K(0 u+d : d G T>) and the latter field is al¬ 
gebraic over K(0) by Corollary 13.81 Hence the three fields have transcendence 
degree n over IK. Now, T> is finite and 

K(P 0 , • • •, B n ) ClC K((p u+d :deV), 

therefore, L is finitely generated over K and its transcendence degree is n. 
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Let / 6 L, we now check that there exists <5 > 0 such that such that for 
every a G U K , n (S), fu+a e L and f u+a is convergent in U n (e"). Since / G L, 
there exist m G N, ^(1),..., £(m) 6 {0,, N} and a\, ..., a m G U^ n (e") such 
that / is a rational function of (B^ i)) u + Ql , ... ,(.B^( m )) u+am . Take <5 > 0 such 
that S < e" — max{||ai||,..., ||a m ||}. Then, for all a G £7k,?i(^), f u +a G L and 
/ u+a is convergent in C/ n (e"). 

Finally, by the primitive element theorem there exist 0i,... ,0 n G L alge¬ 
braically independent over K and 0 O algebraic over IEC('0 1 ,..., 0 n ) such that 
L = K(0 O , 0i, • • •) 0n)- Now, since all the elements of L are algebraic over 
K(0), 0 := (0i,..., 0 n ) admits an AAT by Lemma 13.91 □ 

We now have all the ingredients to prove the main result of this section. 

Theorem 3.12. Let 0 G M^ n admitting an AAT. Then there exists 0 : = 
(0i,..., 0 n ) G M^ n admitting an AAT and algebraic overK(cp) and 0 O G M K n 
algebraic over K(0) such that 

(1) for each f G K(0 O ,... ,0 n ) there exists R G K(Xi,... ,X 2 ( n + p) such 
that 

f(u + v) = R(lj>o(u), . . . ,0„(tt),0o(v), • • • ,0n(v)), 

(2) and each 0 O ,..., 0 n is £/ie quotient of two power series, both convergent 
in all C n . 

Proof. Let 0 := (0i,...,0 n ) G admitting an AAT. Take e such that 

0 is convergent in U n (e). Applying Lemma f3. 11 1 we obtain e" G (0, e] and 
* := 6 MJ+ 1 as in the lemma. We next check that this T 

satisfies the conditions of the theorem. 

(1) Fix a non constant / G K('F). Fix <5 G (0,e"] such that f u+ k G K('F) for 
each k G U n (S) as in Lemma r3.Hl Let e < S and such that f u+v is convergent in 
U 2n (e). It is enough to show that f u+v G M^ 2n is algebraic over K(T( UiW )) since 
then we can apply Proposition 13.71 noting that both f u+ k G K(\I/(it)) and f v+ k G 
K(T(u)) for each k G U^n in {e). With this aim, take g 2 , ■ ■ ■, g n G K(0) such that 
f,g 2 ,..., g n are algebraically independent over K. Let g := (/, g 2 , ■ ■ ■, g n ) and 
we note that g is algebraic over K(0). Since 0 admits an AAT, g admits an 
AAT by Lemma [3.91 Hence g u+v is algebraic over K.(g^ u>v )) and therefore over 
IK('F( U ^,)). This concludes the proof of (1). 

(2) We may assume that 0o 0 0. Fix i G {0,... ,n}. We have already shown 
that 0j(w + v) G K(^( Uj „)). Let A(u,v) := ipi(u + v). By Lemma [3.111 and 
by reducing e if necessary, we may assume that T is convergent in U n (e) and 
K(T M+fc ) C 1K(T) for all k G U^ n (e). We show that there exists p G U^ n (e) 
such that 

A[u +p,u -p) G M K ,n- 
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Take ot,/3 £ A^m 0 7 ^ 0 such that A{u,v) = Suppose for a contradic¬ 

tion that (3(u + k, u — k) = 0 for all k G U^ n (e). Then 


P 


a + b a — b a + b 
~~2 1 2 ’ 2 



0 


for all a,b G U^ >n (e/2). So (3(a,b ) = 0 for all (a,b) G U^ n {e/2) and hence 
(3 = 0, a contradiction. Then 


0»(2u) = A(n + p,w -p) G K(T u+p (m), T u _p(w)) C K(T(u)). 


By induction we deduce that 

0 o («),.. .,tp n (u) e K(\&( 2 _Jv u)) 

for each IV G N. Hence since \l/(2 _iV ii) is convergent in U n (2 N e), T is also 
convergent in U n (2 N e). Thus each 0j is a meromorphic function and therefore 
by Remark 13.11 it is the quotient of two power series convergent in all C n . □ 


We end this section with some basic properties of differentials that we will 
need for the proof of Theorem 14.31 We introduce the following notation. Let 
u := (ni,..., u n ) be n variables, then for any j G {1,..., n} we denote d Uj : 
Ak,u —t A^ n the formal derivative in the variable u 3 . As d Uj is a derivation of 
Ak,ti it induces a derivation on M^ n . Given 0 G M^ n let d(p be the differential 
of 0, i.e. [d ui 4>, • • •, d Uri (j)\. We note that if a (p is the germ of an analytic function 
at 0 then a (d(j)) is V“0, the gradient of “0. 

Lemma 3.13. Let 0 G Mfff n such that d(p i,..., d(p m are linearly independent 
over M K:Tl . Then 

(1) 0i,..., 0 m are algebraically independent over IK. 

(2) If ip G and (p is algebraic overK(fj) then dipi ,..., d0 m are linearly 
independent over M^ n . 

Proof. (1) Suppose that (pi,...,(p m are algebraically dependent over K, then 
we may assume that <p m is algebraic over K(0!,..., (p m _ i). If <p m is constant 
then dcpm = 0 and the lemma is proved, so we may assume that (p m 0 IK. 

Let P be the minimal polynomial of <p m over IK(0!,..., (p m _i). We note that 
P((pm) and §^((pm) are elements of M^ n and therefore 

ra~j Qp 

dP((pm) ^ ^ Si d(pi T ^jp (0m) d(p m 

2=1 

for some gi,---,g m -i G M Kn . Since P is the minimal polynomial of 0 m , 
P((pm) = 0. This implies that dP((p m ) is the vector [0,..., 0] of M^ n and 
there exist hi ,..., h m -i G M^ n such that 

m— 1 

dcforn ^ ^ hi 
2=1 
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(2) For every i G {1,..., m} we have that 0* is not constant because dcpi ^ 0. 
Since 0 is algebraic over K(0), by the proof of (1) for each i G {1,..., m} there 
exist .g v i,..., g it m G M K ,n such that 

m 

d(pi = d/ijj r 

o =i 

Therefore there exists a m x m matrix G with coefficients in M^ n such that 


~d(j) i" 


~ dip G 


= G 


_d(j)m. 


dlpm. 


Since (pi,, <p m are algebraically independent over K by (1), we have that 0 
is algebraic over K(0) and hence, by symmetry, there exists a m x m matrix 
H with coefficients in M^ n such that 


'dip i" 


~d(J)i~ 


= H 


dlpm. 


_d(pm_ 


Hence HG = GII = Id, and so dip],..., dip m are linearly independent over 

4. Periods of real meromorphic maps. 

This section has two different purposes. Firstly, after recalling basic def¬ 
initions and properties of meromorphic and real meromorphic functions, we 
give functorial versions of the results in Section [3] and we prove Theorem 14.31 
Secondly, we will introduce some definitions and prove some technicals lemmas 
related to periods of meromorphic maps from C n to C n that will be relevant 
to describe Nash atlas for (M n , +) in the next sections. 

4.A. Locally Nash groups and AAT. We begin recalling some concepts of 
analytic and meromorphic functions of several variables. We use the definitions 
and notations introduced at the beginning of Section 3 and recall that the 
elements of A4c,n(C n ) are the meromorphic functions. Let U C C n be an open 
connected neighborhood of 0. We say that an analytic function / : U —> C 
is a real analytic function if f(M. n D U) C M. A meromorphic function / : 
C n —> C is a real meromorphic function if there exist real analytic functions 
g, h : C n —> C, with h not identically zero, such that / = g/h. Real analytic 
and real meromorphic maps are defined in the obvious way. 

Analytic functions can be characterized in terms of real analytic functions 
since for any analytic function / : U —» C there exist real analytic functions 
Re(/),Im(/) : U —> C such that / = Re(/) + ilm(/), and similarly for mero¬ 
morphic functions. We also remind that an analytic map f : U C m is a real 
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analytic function if and only t f G A^ n , and similarly for real meromorphic 
functions (with t f G M£? n ). 

Let U C IK n be an open connected neighborhood of 0. Note that fi, ■ ■ ■, f n G 
A4k ,n(U) are algebraically independent over K if and only if */i,... , */ m are 
algebraically independent over IK. Given g = ( 5 + ... ,g m ) G , we 

say that / = (f u ...,/<) G {M^ n {U)Y is algebraic over K(g) := K(g 1 ,...,g m ) 
if each /* is algebraic over K(g), and again this is true if and only if '/ is 
algebraic over K(*g). 

We will say / G (A4 k ,n(U)) n admits an algebraic addition theorem if t f G 
M^ n admits an AAT. Not every element of M£ n admitting an AAT comes 
from a meromorphic map / : C n —> C n admit.ing an AAT. An example of this 
is the function u H > \Ju + 1, that although is not a meromorphic function its 
Taylor power series expansion at 0 admits an AAT. 

Now, we rewrite Corollary 13.81 and Lemma 13.91 in terms of meromorphic 
functions. 

Corollary 4.1. Let /, g : C n —> C n be meromorphic maps such that f is 
algebraic over C (g). 

(1) If f admits an AAT then f(u + a) is algebraic over C(/(«)) for each 
a G CL 

(2) If f admits an AAT then g admits an AAT. In particular f(u + a) 
admits an AAT for each a G C n . 

We recall that the only analytic structure on (M n , +) is the standard one 
(the one given by the identity map) and that its compatible charts are given 
exactly by the analytic diffeomorphisms. In what follows we will use these 
facts without further mention. Next, we relate AAT to properties of analytic 
groups, as mentioned before the proof of Fact 12.41 

Lemma 4.2. Let (U, <f>) be a chart of the identity of (IRC, +) compatible with 
its standard analytic structure. Then the following are equivalent: 

(1) there exists an open neighborhood of the identity U' C U such that 

0O + O (0-\ 0- 1 ) : 0(1/') x 0(G') —>■ 0(G) : (x, y) ^ 0(0“ 1 (x) + 0-%)) 

is a Nash map, and therefore by Fact \2.I\ there exists an open neigh¬ 
borhood V C U of 0 such that (M n ,+,0|y) is a locally Nash group. 

(2) 0 G 0^ n (U) admits an AAT. 

Proof. (1) implies (2): By hypothesis 0(G') is semialgebraic, since it is the 
projection of the domain of a semialgebraic map. Fix i G {1,..., n}. As we 
have mentioned in the definition of Nash map, this hypothesis implies that 
there exists Pi G MpG,..., X 2n+ i], Pi Y such that 

Pi(x i, ...,x n ,y u ... , 2 / n , 0 i( 0 _ 1 (x) + 0 - 1 0 /))) = 0 on 0(G') x 0(G') 
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where x := (xi,... ,x n ) and y := (yi,... ,y n ). Since 0 is a diffeomorphism, 
letting u := 0 _ 1 (x) and v := 0 _1 (?/) we deduce that 

Pi(<f>l(u), • • • , 0n(«), 01 (v), ■ ■ ■ , <f>n(v), (j)fu + v)) = 0 011 U' X U'. 

Since 0 is a diffeomorphism, the coordinate functions 0i,...,0 n are clearly 
algebraically independent. So 0 admits an AAT. 

(2) implies (1): Fix i G {1,... ,n}. If 0 admits an AAT then there exists 
Pi G R[X 1; ..., X 2n+ i], Pi ^ 0, such that 

P*(0i(m), . . . , 0n(w), 4>i(v), , 0rcO)> M U + V )) = 0 011 U> X U> 

for some open neighborhood of the identity U' C U. Since 0 is a diffeomor¬ 
phism we can let x := 0 (w) and y := <f>(y) and argue as before once we shrink 
U to make it semialgebraic. □ 

We can now justify the notation of (R n , +, /) given in the introduction for 
a locally Nash group structure on (R”,+). Indeed, if / : C n —> C n is a real 
meromorphic map such that 

1) / is real meromorphic and admits an AAT, and 

2) there exist fcel" and an open neighborhood U C M n of 0 such that 

0 : U —> R n : u i—>- 0(u) := f(u + k) 
is an analytic diffeomorphism, 

then by Lemma 14.21 there exists an open neighborhood V C U of 0 such that 
(M n , +, -0|v0 is a locally Nash group. Note that / satisfies 1) and 2) here if 
and only if it satisfies 1 ) and 2 ) in the introduction. 

It remains to check that the locally Nash group structure is independent 
of k and the domains U and V, that is, we have to show that given a real 
meromorphic map / : C n —> C n admitting an AAT and given k\, k -2 G M n such 
that 

: U\ —* M n : u t—>■ f(u + ki), 02 : U 2 —> M n : u i —y f[u + fc 2 ), 

satisfy conditions 2 ) above, we have that (M 77- , -h, 0 i|vi) and (M n ,+, 0 2 |y 2 ) are 
isomorphic as locally Nash groups (where Vj C U\ and V 2 C f / 2 are given by 
Lemma 14.21) . By Lemma Id.ll il). 0i is algebraic over C(0 2 ). Since both 0! and 
02 are real analytic maps, 0 i is algebraic over R( 0 2 ) on some neighborhood of 
0 and hence by Proposition 12.81 the identity map is a locally Nash isomorphism 
between (M n ,+, 0 i| Vl ) and (M n ,+, 0 2 |y 2 ). 

Henceforth when we write (M n , +/) where f : C n —> C n is a real mero¬ 
morphic function that admits an AAT, we are also assuming that f satisfies 
property 2) above. 

This convention is useful since now we can denote by (R, +, p<i,i>{x)) the 
locally Nash group (R, +, p<i,i>{x + a)\u) where U is a sufficiently small neigh¬ 
borhood of the identity and a G R is also sufficiently small. We note that 
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without this convention the notation (M, +, p <1 ,j > (x)) would not make sense, 
since the map is not even a local diffeomorphism at 0. 

Now we are ready to prove one of the main results of the paper. 

Theorem 4.3. Every simply connected n-dimensional abelian locally Nash 
group is locally Nash isomorphic to some (M n , +,/), where f : C n —> C n 
is a real meromorphic map admitting an A AT. 

Proof. Let (G, •) be a simply connected n-dimensional abelian locally Nash 
group equipped with a Nash atlas B := {{Wi, 0j)}j £ /. In particular G is an 
analytic group with this atlas and therefore there exists an isomorphism of 
analytic groups 

P '■ (G, •) —> (M n , +), 

where (R n , +) is equipped with its unique analytic group structure, the stan¬ 
dard one (see e.g. P 2.19]). Since B is a Nash atlas for (G, •) we have that 

A := {p(W i ),(f) i o p- 1 }^ 

is a Nash atlas for (M n , +) compatible with its standard analytic structure. 
Moreover, (G, •) equipped with B is clearly locally Nash isomorphic to (IRC, +) 
equipped with A. 

Now, consider a chart of the identity (U , 0) G A. Firstly, note that as 
analytic chart (U, <f>) must be compatible with the standard analytic structure 
of (KC, +) and hence 0 is an analytic diffeomorphism. Also, being a chart of 
a locally Nash group structure, it satisfies condition (1) of Lemma 14.21 and 
hence <f> admits an AAT. Now, we apply Theorem 13.121 to t (j), the power series 
expansion of 0 at 0, to obtain 0 := (0i,..., 0 n ) G Mg n convergent in C n and 
admitting an AAT such that t (f) is algebraic over M( , 0). Note that since 0 is 
an analytic diffeomorphism, 

0 * : TqU —> T0(o)0(t/) 

is an isomorphism of vectorial spaces. Hence d(*0i),..., d{f<f n ) are linearly 
independent over M Rn . In particular, by Lemma f3.131 (2). dtpi,... ,dip n are 
also linearly independent over M R n . 

Consider the real meromorphic function 

/ : C n ->■ C n : u ^ f (it) := a 0(w) 

which admits an AAT by definition. We first show that there exists cgK” 
and an open neighborhood U' C M n of 0 such that 

p : U' —» M n : u i— > <p(u) := f(u + c) 

is an analytic diffeomorphism onto its image, so we will have a locally Nash 
group structure (W 1 , +, /) and shrinking U' if neccesary we may assume that 
(U',<p) is one of its charts. Indeed, by Lemma l3~41 (l) there exists an open 
dense subset W C M n such that 

f\ w :W^R n 
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is analytic. Let A denote the determinant of the Jacobian of f\w- Since 
dif i,..., di(> n are linearly independent over Mr i71 , A is not identically zero on 
W and hence there exists c G U D W such that A(c) ^ 0. So / is a local 
diffeomorphism at c and hence there exists an open neighborhood U' C R n of 
0 such that tp : U' —> R n : u K > <p(u) := f(u + c) is a diffeomorphism onto its 
image, as required. 

Finally, by Proposition 14.II we have that / is algebraic over C (f(u + k)) and 
therefore <f> is algebraic over R(</?) on a sufficiently small open neighborhood of 
0, so that by Proposition ^. 8l the identity map from (R n , +, 4>\u) to (R n , +, ip\u>) 
is a locally Nash isomorphism. □ 

We point out that Proposition 12.81 gives a criterion to decide whether two 
locally Nash structures on (R n , +) are locally Nash isomorphic. 

Corollary 4.4. Let (R n ,+,/) and (R n , +,g) be locally Nash groups, where 
/, g : C n — y C n are real meromorphic maps admitting an A AT. Then, they are 
isomorphic as locally Nash groups if and only if there exists a G GL n (M) such 
that g o a is algebraic over R(/). 

Proof. By hypothesis there exist k\ G R n and an open neighborhood of the 
identity U of R n such that (R n , +, /) denotes (M", +, 4>\u) where 

<p : U —> M n : u »-)■ f(u + kf). 

Similarly there exist k 2 G M n and an open neighborhood of the identity V of 
R n such that (M n ,+,g) denotes (M n , +,ijj\v) where 

ij) : V —> M n : u i —y g(u + fc 2 ). 

By Corollary 14.11 111 we have that f u +k! '■= f(u + ki) is algebraic over C(/(«)) 
and the other way around, and similarly for g u+ k 2 g{u + k 2 ) and g[u). In 
particular, for any a G GL n (M .) we have that g o a is algebraic over M(/) if 
and only if g u+ k 2 o a is algebraic over M(/ u+fcl ). 

We suppose hrst that a is an isomorphism of locally Nash groups 
a : (!C,+, </>|[/) —> (R™, +, i>\v)- 

Note that a G GL n ( R). Applying Proposition [2]8]there exists W C U na -1 (V) 
such that if o a is algebraic over R(</>) on W. We deduce that g u +k 2 ° ot is 
algebraic over R (fu+kx) and therefore g o a is algebraic over R(/). 

We show the right to left implication. Since g o a is algebraic over R(/), it 
follows that g u+ k 2 oa is algebraic over R(/ U+ / Cl ). Therefore ifoa is algebraic over 
R (if) on a sufficiently small neighborhood of 0. Finally, since a is a continuous 
isomorphism, we apply Proposition 12.81 to a and we obtain that (R n ,+,0|[/) 
and (R n , +,^| y) are isomorphic as locally Nash groups. □ 
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4.B. Periods of meromorphic maps. Finally, we introduce some invari¬ 
ants that will allow us to describe Nash atlas of (R n , +). Let A be a discrete 
subgroup of (C n ,+). Then there exist r < 2n and Ai,...,A r G A linearly 
independent over M. such that 

A = ZAi © ... ffi ZA r . 

We call r (the dimension of A as a (free) Z-module) the rank of A, which is 
independent of the chosen basis, and denote it rank A. A discrete subgroup A 
of (C n ,+) is a lattice if rank A. = 2 n. We say that a subgroup G < (C n ,+) 
is a real subgroup if G = G. We say A is a real discrete subgroup (resp. real 
lattice ) of (C n , +) if A is both a discrete subgroup (resp. lattice) of (C n , +) 
and a real subgroup of (C n , +). 

The previous concepts are related to meromorphic maps as follows. Given 
a meromorphic map / : C n —» C m , we define the group of periods of f as 

A/ := {a G C n : f(u) = f(u + a)} 

where f{u) = f{u + a) means that if f = g/h then g(b)h(b + a) = h(b)g(b + a) 
for all b G C”. Note that Aj is a subgroup of (C n , +) that may not be discrete. 
However, we have the following: 

Lemma 4.5. Let f : C n —> C n be a meromorphic map. 

(1) If f is a local diffeomorphism at 0 then Af is a discrete subgroup of 
(C n , +). 

(2) If f is a real meromorphic map then Af is a real subgroup of (C n , +). 

(3) If f is a real meromorphic map, k G R n and for some open neighborhood 
of the identity f/cK" the restriction of f{u + k) to U is an analytic 
diffeomorphism then Af is a real discrete subgroup of (C n , +). 

(4) If Af is a discrete subgroup o/(C n ,+) and a G GL n ( C) then Af oa is a 
discrete subgroup of (C n , +) with rank Af oa = rank Af. 

Proof. (1) Clearly Af is a subgroup of (C n ,+). Suppose for a contradiction 
that Af is not discrete. Then there exists an infinite sequence {a* : i G N} of 
points of Af that converges to some a G C n . Take r > 0 such that / is injective 
and analytic in an open ball of radius r centered at 0, this can be done because 
/ is a local diffeomorphism at 0. Take iV G N such that ||dj — ajv|| < r for 
all i > N. Since Af is a subgroup of (C n ,+), a* — a^ G Af for all i G N. 
This implies that /(a* — ajy ) = /(0) for all i G N, which contradicts that / is 
injective in the ball of radius r centered at 0. 

(2) Fix A G Af. By definition f(u) = f(u + A). Hence, fifd) = f(u + A) 
because / is a real meromorphic function. Therefore, A G A f. 

(3) We may assume that k = 0. Let J be the determinant of the Jacobian of 
f\u at 0. Since / 1 1/(c/) exists, J ^ 0. Since the determinant of the Jacobian 
of / at 0 is also J, it is not 0. So by the inverse mapping theorem / is a local 
diffeomorphism at 0. Hence by (1) and (2), Af is a real discrete subgroup of 
(C\+). 
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(4) Take r < 2n and Ai,..., A r € A linearly independent over R such that 


Ay — ZAi © ■ ■ ■ © ZPA r . 

Then, a _1 (Ai),..., a _1 (A r ) £ A are linearly independent over R and 

A/oo = 'ZiOl 1 (Ai) © ... © 7Lol 1 (A r ). 


□ 


By Theorem 14.31 every locally Nash group structure on (R™, +) is of the 
form (R n , +, /) for a certain real meromorphic map / : C n —> C n admitting 
an AAT. In Proposition 14.81 we will show that rank Af is an invariant of the 
locally Nash isomorphism class. We first prove a technical lemma. 

Lemma 4.6. Let /, g : C n —> C n be meromorphic maps such that Ay and 
A g are discrete subgroups of (C n ,+). If g is algebraic over C(/) then there 
exists a £ N \ {0} such that aAf < A g , and in particular rank Af < rank A g . 
Furthermore, if g ±,..., g n are algebraically independent over C then rank A y = 
rank A g . 

Proof. We prove the first clause. We may assume that Af ^ { 0 }. Take A £ 
A f \ {0} and fix j £ {1,..., n}. Let Pj(Z ) be minimum polynomial of gj{u ) 
over C(/(«)). Since A £ Ay, P g (g 3 (u + £A)) = 0 for each £ £ Z. Since 
Pj(Z ) has a finite number of roots, there exist £ 1,^2 £ Z, £2 > l\, such that 
gj(u + £ iA) = gj(u + £ 2 A). Let a g := ^2 — ^1 £ N\{0}. Then gj(u) = gj(u + aj A) 
and hence g 3 {u) = gj(u + £aj A) for each £ £ Z. Let a be the least common 
multiple of ai,..., a„. Then gj[u ) = gj[u + £aA) for each £ £ Z and each 
j £ {1,..., n}, so aA £ A s . Let now {Ai,..., A m } be a basis for Ay. Take a 
again be the l.c.m. of the a’s such that aA* £ A 9 . Then, for this a we have 
aA £ A g for each A £ Ay. This also shows that A g contains at least rank A y 
linearly independent vectors over R and hence rank A y < rank A g . 

The other clause follows by symmetry since if gi,... ,g n are algebraically 
independent over C then / is algebraic over C(g). □ 

The next corollary of Lemma 14.61 will be useful to study Weierstrass p- 
functions in the context of the one-dimensional classification of locally Nash 
groups. 

Corollary 4.7. Let /, g : C n —> C n be meromorphic maps such that both Ay 
and A g are discrete subgroups of C n . If g is algebraic over C(/) then there 
exists a discrete subgroup A of (C n ,+) such that rank A = rank Af and both 
A < Ay and A < A g . Furthermore, if A y is a real discrete subgroup then we 
can take A to be a real discrete subgroup. 

Proof. By Lemma 14.61 there exists a £ N \ {0} such that aAf < A g . It suffices 
to take A = aAf. □ 
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Proposition 4.8. Let (M n ,+,/) and (M n ,+,g) be locally Nash groups, where 
/, g : C n —y C n are real meromorphic maps admitting an AAT. If (M n , +, /) 
and (M n , +,g) are isomorphic as locally Nash groups then rankAf = rankA g . 

Proof. By Corollary 14.41 there exists a G GL n (M.) such that g oa is algebraic 
over R(/). We note that by Lemma [4.51 131 both A g and A f are real discrete 
subgroups of (C n ,+). By Lemma 14.51 (4), A goa is also a discrete subgroup of 
(C n , +), with rank A goa = rank A g . Now, by Lemma 14.61 rank A goa = rank Af 
and hence rankAf = rank A g . □ 

Lemma 14.61 leads us to the the following definition. Let L be a field of mero¬ 
morphic functions from C n to C of transcendence degree n over C. Suppose 
that there exists / := (/i,..., f n ) : C n —> C n such that {/i,..., f n } is a tran¬ 
scendence basis of L over C and A/ is a discrete subgroup of (C n , +). Then, 
by Lemma 14.61 for all g := (gi ,..., g n ) : C n —* C n such that {g ±,..., g n } is 
a transcendence basis of L over C we have that A g is a discrete subgroup of 
(C, n ) with rankA g = rankAf. Hence, we introduce the following notation, 
that will be useful in the proof of Theorem 15.51 

Definition 4.9. Let L be a field of meromorphic functions from C n to C of 
transcendence degree n over C. Suppose that there exists / := (fi,, f n ) : 
C n —* C n such that {fi, ■ ■ ■, f n } is a transcendence basis of L over C and 
Af is a discrete subgroup of (C n ,+). Then, we say that Z-rank L — m if 
rank Af = m. Otherwise, we say that the "L-rank of L is not defined. Let 
V = {L 7 : 7 G T} where each L 7 is a field of meromorphic functions from 
C n to C of transcendence degree n over C. We say that "L-rankT — m if 
"L-rank L, = m for every 7 G T. 

5. Two-dimensional simply connected abelian locally Nash 

GROUPS. 

In this section we will give a description of the two-dimensional simply con¬ 
nected abelian locally Nash groups, which is based on a theorem of Painleve 
published in [16j. Since Painleve wrote [T 6 j in 1902, some of its notation is 
outdated. We proceed to introduce and clarify its notation. 

For Painleve a meromorphic map / : C n —> C n admits an algebraic addition 
theorem if and only if the coordinate functions of / are functionally indepen¬ 
dent and / admits an AAT (in our sense). Any n functions are functionally 
independent if ils ne sont liees par aucune relation identique, see the footstep 
note of the first page of [L 6 j. With this definition Painleve is refering to the 
classical functional independence, see for example m Definition 3] for a de¬ 
tailed treatment. Another characterization of functional independence which 
will be more convenient for our purposes is the following (see m Proposition 
1]). Let K be 1 or C, we say that /),..., f n : —>■ IK are functionally in¬ 

dependent if the range of / := (fi,..., f n ) : K n —y K n has an interior point 
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in K n . We will apply Painleve’s results to meromorphic maps associated to 
translations of charts of the identity of locally Nash groups, which are clearly 
functionally independent. 

To state Painleve’s results we introduce the following notation (see also 
(19, Ch. 5 § 6 ]). Recall that a meromorphic function / is degenerate if A f 
is not a discrete subgroup of C n . Let A be a lattice of (C n ,+)• We say a 
meromorphic function / : C n —)■ C is an abelian function corresponding to A 
if A f > A. The abelian functions corresponding to A form a held that we 
denote C(A). Clearly C(A) contains degenerate functions, for example all the 
constants. We say C(A) is nondegenerate if it contains at least one function 
that is not degenerate. We note that depending on A, the transcendence degree 
of C(A) can be from 0 to n. However, C(A) is nondegenerate if and only if 
its transcendence degree over C is n (see, [T9J Ch. 5 §11 Theorems 5 and 6 ]). 
Given a lattice of (C, +) we will consider the Weierstrass functions pn, an 
and (n (see e.g [H Ch.lll and IV]). Recall that 

u IL G n\ { o}> (! - l) ex P + I (v) 2 ) > 

dih) 

"n(«) ’ 

~(h( u )- 

Finally, we dehne the families the Painleve’s description as follows: 

V\ := { C(gi o a) : a 6 GL 2 (C) }, where gi(u, v ) := (u, v); 

V 2 := { C(g 2 o a) : a E GL 2 (C) }, where g 2 (u, v) := ( e u , u); 

V 3 := { C(g 3 o a) : a E GL 2 (C) }, where g 3 (u, v) := ( e u , e v ); 

V 4 := { C(g 4 : a t n°a) : a E GL 2 (C), a E {0,1}, fl is a lattice of (C, +) } 

where = (pn(u),v - a(n(u)); 

V 5 := { C(g 3 t a,n 0 a) : a E GL 2 (C), a E C, fl is a lattice of (C, +) } 
where g 5 , a ,n( u > v ) = (po(w), ; and 

Vq := { C(A) : A is a lattice of (C 2 , +), tr.deg. cC(A) = 2 }. 

It can be checked that g^n is algebraic over C^^n) for each o ^ 0, this is 
the reason why only a E {0,1} are considered in the family V 4 . Henceforth we 
keep the notation g 1 , g 2 , g 3 , g^ a ,ci and g 3 ) a,n exclusively for these mentioned 
functions. I 11 Theorem 15.51 we will show that these maps admit an AAT and 
therefore induce a locally Nash structure on (R 2 , +). 

Now we can state the main result of [16]. 

Fact 5.1 (Painleve, [15] Main Theorem]). If f 1: f 2 : C 2 —» C are functionally 
independent meromorphic functions such that f := (fi, f 2 ) admits an AAT 
then there exist i E {1,..., 6 } such that fi(u, v ) and f 2 (u, v ) are algebraic over 
one of the fields of the family Vi. 


crn(u) = 

CM = 

Pn(u) = 
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In the next lemma we analyze the group of periods of the families of Painleve’s 
theorem. Firstly, we will list the properties of the Weierstrass a and f functions 
that will be needed. 

Fact 5.2. (H Ch.IV]) Let Id :=< uj\,uj 2 >z be a lattice of C. Then, 

(1) (q(z + Ui) — (n(z) + 2( < n(w i /2)^ for each i e { 1,2}, 

(2) cr<n(z + cof) = -aci(z)e 2Cn ^^ z+ ^ ) for each i G {1, 2}, 

Lemma 5.3. Let a G C and fd :=< uj\,uj 2 >tl be a lattice of (C, +). Then, 

(1) A* = {(0,0)}, 

( 2 ) A g2 =< (2ttz, 0) > z , 

(3) A 93 =< (2m, 0), (0, 27tz) > Z; 

(4) ^ 94 ,, a ,n =< (wi, 2aCn(tui/2)), (cu 2 , 2a(n(u) 2 /2)) > Z; 

(5) A S5|0if2 =< (wi, 2aCn(wi/2)), (a; 2 , 2aCo(w 2 /2), (0, 27rf)) > z . 


Proof. The only non trivial cases are the last two ones when a ^ 0. On the 
other hand, it is easy to check using Fact 15.21 that the above tuples are periods 
of the corresponding map. 

We begin with the case g^ a ,n- Let g denote g^o. and gi and g 2 denote the 
coordinate functions of g. Fix A := (Ai, A 2 ) G A g . Clearly A g C A Sl O A g2 . 
Since A G A 9l , we have that Ai G fd. Fix m, n G Z such that Ai = moji + nco 2 . 
It follows from Fact 15.21 11) that 

(*) Cn(u + mux + mj 2 ) ~ Cn(u) = 2m( n (uj 1 /2) + 2n( n (uj 2 /2). 

Since A G A g2 , we have that 

v T A 2 a(n(u + mui + nu 2 ) = v - a(n(u) 
and hence by equation (J*j) 

A 2 = 2am( n (u>i/2) + 2an( n (uj 2 /2). 


This means that the elements of A g are of the form 

(mui + nu 2 , 2 am( n (u 1 / 2 ) + 2 an(n(u 2 / 2 )) 
with m,nGZ, so we are done with this case. 


Now we show the case g^ a ,si- Let g denote g^n and g\ and g 2 denote the 
coordinate functions of g. Fix A := (A 1; A 2 ) G A g . Reasoning as before we get 
that there exists m, n G Z such that Ai = mwi + na; 2 . Moreover, again by Fact 
15.21 121 and from equation (j*j) we get that 


(t) 


a n (u + mui + nu 2 ) _ c ^ 2 m ^ l / 2 )j t2n ^ 2 / 2 ' )) 
crn(u) 


for some constant C G C. Since A G A 92 , we have that 


Mu + Ai -a) cV+ x 2 = an(u-a) cV 
cr n (w + Ai) cr n (u) 
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and hence 


6 a 2 _ cr n (u-a) an(u + Xi) 
ctq(u) an(u + \i-a) 

So by equation ([£]) we get 

gA 2 _ e 2a(mCn(a;i/2)+nCn(a; 2 /2)) 

and hence 

A 2 = 2 amfa(uJi/ 2 ) + 2 an(,n{w 2 / 2 ) + 2 bri 
for some i £ Z. This means that the elements of A g are of the form 

(rnui + nu; 2 , 2 amCn(^i/ 2 ) + 2 an(,ci{uj 2 /2 ) + 2 Dri) 
with (t,m,n £ Z, which concludes the proof. □ 

Now we study the Z -rank of the Painleve’s families of fields (the 7-rank 
was defined in Definition 14.9p . 

Proposition 5.4. The 7-ranks of the Painleve’s families are 7-rank V\ = 0, 
Z -wankV 2 = 1, Z -wankV 3 = 2, 7-rank V 4 = 2, 7-rank V 3 = 3 and 7- 
rank V§ = 4. 

Proof. Let i £ {1, 2, 3}. Firstly, note that since a £ GL 2 (C) by Lemma 14751 (4) 
the fields belonging to the same family V, have the same 7-rank , which is 
rank A g .. Then apply Lemma 15741 to deduce that rank A g . = i — 1. 

Let i £ {4,5}. As above, it suffices to consider rank A gua ^. By Lemma [57731 
these ranks are independent of a and D and hence rank A g . )a ^ = i — 2 . 

Finally, we consider the case of the abelian functions. Let A be a lattice of 
(C 2 , +) such that C(A) has transcendence degree 2 over C. Fix a transcendence 
basis {/ 1 , / 2 } of C(A) and let us see that rankAf = 4. By definition A < Af 
and therefore it is enough to check that Af is discrete. Since tr.deg. c C(A) = 2, 
there exist a nondegenerate meromorphic function g £ C(A). In particular, 
g is algebraic over C(/). Arguing as in the proof of Lemma 14.61 if Af is not 
discrete then A g is not discrete, a contradiction. □ 

Finally, we consider the possible locally Nash group structures over (M 2 , +) 
induced by Painleve’s description (Fact 15.11) . 

Theorem 5.5. Every simply connected n-dimensional abelian locally Nash 
group is locally Nash isomorphic to one of the form (M 2 , +, /) where f : C 2 —» 
C 2 is a real meromorphic map admitting an A AT and such that its coordinate 
functions are algebraic over one of the fields of the following families: 

(1) Vi := { C(< 7 i o a) : a £ GL 2 ( C) }, where gi(u, v ) = (u, v); 

(2) V 2 \= { C (g 2 o a) : a £ GL 2 ( C) }, where g 2 (u, v ) = (it, e v ); 

(3) V 3 := { C (<73 o a) : a £ GL 2 (C) }, where g 3 (u , v) = (e“, e v ); 

(4) V 4 := { C(g 4 ia . t noa) : a £ GL 2 ( C), a £ {0,1}, Q is a lattice of (C, +) }, 

where g 4 , a ,n( u i v ) = {<pn{u),v - aC,n(u)); 
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(5) V§ := {C(g 5t a,n ° a) : a G GL 2 ( C), a 6 C, SI is a lattice of (C, +) }, 



j; and 


(6) Vq := { C(A) : A is a lattice of (C 2 , +), tr.deg. c<C(A) = 2}. 

Furthermore, if (R 2 , +,g) is a locally Nash group, where g : C 2 —> C 2 is a real 
meromorphic map admitting an A AT, and the coordinate functions of f and 
g are algebraic over fields of different families, then (R 2 , +, /) and (R 2 ,+,<?) 
are not locally Nash isomorphic. 

Even further, each of the families induce at least one locally Nash group 
structure on (R 2 ,+). 

Proof. Firstly, we point out that gi, g 2 , .93 clearly admit an AAT, g^ a ,n and 
g 5 ,a,n admit it by m Art. 16 and 19] and the fact that g 4 , a ,n is algebraic over 
fih.gn for all a 0. On the other hand, any transcendence basis of a field in 
Ve satisfies an AAT by [ID] Chap 5. §13]. 

We show that each family induce at least one locally Nash group structure 
on (R 2 ,+). Fix a G R and a real lattice Q of (C,+). We recall that then 
< 7 i, ..., g5 t a,n are real meromorphic maps, each one admitting an AAT. Also, 
since pn admits an AAT, ge(u, v ) := (pn(it), pn{v)) is a real meromorphic map 
admitting an AAT. Clearly g 6 is a transcendence basis of C(O xSl), so it is 
algebraic over a field of TV Since the restriction of a translation of each of 
the latter maps to a sufficiently small neighborhood of R 2 is a diffeomorphism, 
each (R 2 , +, gf),... , (R 2 , +, g e ) is a locally Nash group. 

By Theorem 14.31 every simply connected n-dimensional abelian locally Nash 
group is locally Nash isomorphic to one of the form (R 2 , +, /) where / : C 2 —> 
C 2 is a real meromorphic map admitting an AAT. Furthermore, by Fact 15.11 
there exists i G {1,... , 6 } and L G V, such that / is algebraic over L. Let 
(R 2 , +, g) be another locally Nash group and fix j G {1,..., 6 } such that there 
exists L' G Vj such that g is algebraic over L'. It is enough to show if (R 2 , +, /) 
and (R 2 ,+,g) are isomorphic as locally Nash groups then i = j. We recall 
that /, g : C 2 —> C 2 are real meromorphic maps and hence, by Proposition 14.81 
rank A g = rankAf. Let r := rankAf. By Proposition 15.41 some of the cases 
are already solved, namely: if r — 0 then i = j = 1 ; if r = 1 then i = j = 2 ; 
if r — 3 then i = j = 5; and if r = 4 then i = j = 6 . For the case r = 2, 
suppose for a contradiction that i — 4 and j = 3. By definition there exist 
ot\,a 2 G GL 2 (C), a G C and a lattice hi of (C, +) such that / is algebraic 
over V = C(g 4 , a ,n ° ai) and g is algebraic over L 2 = C (g 3 o a 2 ). By Corollary 
14.41 there exists a G GTV®) such that g o a is algebraic over R(/). Since the 
coordinate functions of g o a are algebraically independent over C, we get that 



94, a, n is algebraic over C(^a(w),Ca (u),v), we have that 

(e ) is algebraic over C(p\{u), (\(u), v). 
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Since a 3 G GL 2 ( C), either b ^ 0 or d ^ 0. Without loss of generality we may 
assume b ^ 0. We also note that e bv is algebraic over C(e a “, e au+bv ), so 

e bv is algebraic over C(e““, Pa(u), (a(u), v), 

which means that e bv is algebraic over C(w), a contradiction. So either % = j = 
3 or either i = j = 4. □ 


Appendix: One-dimensional simply connected locally Nash 

GROUPS. 


A classification of the one-dimensional simply connected locally Nash groups 
was given by Madden and Stanton in ma (see also m- In this appendix we 
provide a detailed proof of such classification using the techniques we have 
developed for dimension 2 . 

Meromorphic functions from C to C that admit an algebraic addition theo¬ 
rem were classified by Weierstrass, see for example [Tj, Ch.VII]. 

Fact 6.1 (Weierstrass). If f : C — > € is a meromorphic function that admits 
an AAT then there exists a G GL 3 ( C) such that f is algebraic over C (g o a), 
where g is either 

(I) g(u) = u, 

(II) g(u) = e“, 

(III) g{u) = Pa(u), for some lattice A < (C,+). 

See e.g. [U Cli.II] for basic properties of pA- Note also that all functions of 
Fact 16.11 admit an AAT. 

In Fact 16.11 we obtain that /oaY 1 is algebraic over C (g), so under a suitable 
change of complex coordinates the meromorphic function / is algebraic either 
over C (id), C (exp) or C(pa). 

We begin this section with some technical lemmas. Firstly, some properties 
of the Weierstrass p-function. 

Lemma 6.2. Let A be a lattice of ( C,+). Then, px{u) = Pa{u). Hence, pA 
is a real meromorphic function if and only if A = A. 


Proof. We note that 



For the second statement recall that since pA is a meromorphic function it is 
real if and only if Pa(u) = Pa(u). □ 
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Lemma 6.3. Let A] and A 2 be lattices of C such that Ai < A 2 and [A 2 : 
Ai] = n for some n G N. Then, there exist a\,.. . ,a n ,C G C such that 
Pa 2 {u) = Er=i Pm( u + fli) + C- 


Proof. The lemma can be proved by direct computation, which also shows that 
(7 = 0. However we will prove the lemma in a different way. It is enough to 
show that there exist ai,... ,a n G C such that p' A (u) = ELi P'ai( u + a *)- 
Recall that 


Pa 2 


,u = 


ojGA 2 


u 


CO 


Since [A 2 : A^ 
So 


n there exist a\, a 2 , ..., a n G A 2 such that A 2 


Pa 2 H 


i = 1 ojgAi 




1 

(o; + ai )) 3 


and hence p' Aa (u ) = ELi ( 7i ~ <h). 


ULiCAi + a,). 


□ 


Lemma 6.4. Let Ai and A 2 &e lattices of ( C, +) such that Ai < A 2 . Tden 
and p A2 are algebraically dependent over C. 


Proof. Since both Ai and A 2 are lattices of (C,+), rank A\ = rank A 2 , hence 
[A 2 : Ai] < cxo. Let n = [A 2 : A^. By Lemma [6731 there exist ai,..., a n , C G C 
such that p\ 2 ( u ) — E"=i pAi( w + a «) + C. Since p Al admits an AAT and by 
Corollary 14.11 11). p Al (u + a) is algebraic over C(pAi(w)) for all a G C. So ^a 2 
is algebraic over C(p Al ). □ 

Lemma 6.5. Let Abe a lattice of ( C, +). Let g : C —> C be a real meromorphic 
function such that A g is a discrete subgroup of (C, +) and g is algebraic over 
C(pa)- Then there exists a real lattice A' < A such that g is algebraic over 

C{pA')- 


Proof. Since A is a lattice, A g is a real lattice by Lemmas 14.51 (2) and 14.61 
Hence, by Corollary 14.71 there exists a real lattice A' of (C, +) such that A' < A 
and A' < A g . On the other hand g is algebraic over C(^a) and p A is algebraic 
over C(p A /), by Lemma 16.41 so g is algebraic over C(p A i). □ 

Some of the possible locally Nash group structures for (M, +) will be given 
by Weierstrass fp- functions over lattices of the form < 1, ai >z where aGl*. 
We will use the notation (M, +, p A ) of the introduction. 

Remark 6.6. Note that a nontrivial real discrete subgroup A of (C, +) is of 
rank 1 if it is either of the form < a >z or < ia >z for some aGl; and it is 
of rank 2 if it is has a finite index subgroup of the form < a, bi >% for some 
a, b G R*. Indeed, since A is real we must have A G A for any A G A. The only 
special case is when A =< A, A >z with A = a + ib with both a, b ^ 0. Then 
< 2a, 2 ib >z is the finite index subgroup of A. 
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Fact 6.7 m Theorem 2]). Let a, b G R* and let Ai :=< 1, ia >% and A 2 :=< 
1 ,ib >z- Then (R,+, paJ and (R, +, pA 2 ) are isomorphic as locally Nash 
groups if and only if ab" 1 G Q. 

Proof. Firstly, suppose that there are m,n G Z* such that mn -1 = ab~ l . Let 
A :=< 1 ,ina >%. Hence, both A < A x and A < A 2 . So, by Lemma 16.41 
pA is algebraic over both C(paJ and C(pA 2 ). Hence is algebraic over 
C(pA 2 ). Since pA x and pA 2 are real meromorphic functions, pAj is algebraic 
over M(pa 2 ). So (R, +, paJ and (R, +, pA 2 ) are locally Nash isomorphism by 
Corollary 14.41 

Now, suppose that (R, +, paJ and (R, +, pA 2 ) are isomorphic as locally Nash 
groups. By Corollary 14.41 there exists a G GLi(R) such that 

pA 2 o a is algebraic over R(paJ. 

Let c denote the unique element of R* such that 

a : R —> R : x H > cx. 

Let A' 2 := a - 1 (A 2 ). Then A' 2 =< c _ 1 ,i&c _1 >%. We note that A 2 is the group 
of periods of pA 2 0 o>. By Corollary 14.71 there exists a real lattice A of (C, +) 
such that both A < A] and A < Af. By Remark 16.61 we may assume that there 
exist ni, n 2 , mi, m 2 G N such that 

A =< ni,n 2 m >z=< mic - 1 ,m 2 76c _1 >z . 

So mic -1 = £ni for some £ G 7L and hence c G Q. Also n^ia = £m 2 i 6 c _1 for 
some i G Z and hence ab~ l G Q. □ 

Now we prove mu Theorem 1] from a different point of view that involves 
ranks of lattices. We will use the notation (R, +, /) introduced before Theorem 
14.31 (in particular we recall that the map associated to a chart of the identity 
can be a translate of /). 

Theorem 6.8 ( [101 Theorem 1]). Every simply connected one-dimensional 
locally Nash group is isomorphic as a locally Nash group to one of the following 
locally Nash groups. 

(1) (R ,+,id). 

(2) (R, +, exp). 

(3) (R, +,sin). 

(4) (R, +, pa) where A =< l,ia >% for some a G R*. 

The three first ones are not locally Nash group isomorphic to each other and 
neither they are isomorphic to one of the fourth type. (R, +, p<i,j a > z ) and 
(R, +, p<i,if» z ) are isomorphic as locally Nash groups if and only if a/b G Q. 

Proof. We first note that by Lemma 14.21 each of the four cases are indeed locally 
Nash groups. Every connected analytic group of dimension 1 is abelian, so by 
Theorem 14.31 every simply connected one-dimensional locally Nash group is 
isomorphic as a locally Nash group to some (R,+,/), where / : C —?• C is 
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a real meromorphic function admitting an AAT. We are in the hypothesis of 
Fact 16.1 1 and therefore there exists a G GL i(C) such that / is algebraic over 
C (g o a), where g : C — > C is either id or exp or for some lattice A of 
(C, +). Let c G C* be such that a : C —> C : u »->■ cu. We note that A/ is a real 
discrete subgroup of (C, +) by Lemma 14.51 (3), also that, by Lemma l4~5l 141. 

rank A idoa = 0, rank A expoa = 1, rank A paooi = 2. 

Case I: rank Aj = 0. Then, by Lemma [4761 rank A goa = 0. So / is algebraic 
over C(c • id) = C (id) and therefore by Corollary 14.41 (R, +, /) and (R, +,id) 
are isomorphic as locally Nash groups, what gives us (1) in the statement of 
the theorem. 

Case II: rank Af = 1. Then, by Lemma 14.61 rank A goa = 1. So, g = exp 
and hence / is algebraic over C (exp o a). By Remark 16.61 there exists a e R* 
such that either A g =< a >% or either A g =< ia >%. 

Subcase II. 1: A g =< ia >%. In this case, f(u) is algebraic over C(e 27TU ^ a ). 
Since both f(u) and u H > e 2nu l a are real meromorphic functions, we get by 
Corollary 14.41 that (R, +, /) and (R, +,x i —> e 2nx ^ a ) are isomorphic as locally 
Nash groups. Let a(x) := ax/2n e GLi(R). Then again, by Corollary 14.41 
applied to a we deduce that (R, +, exp) and (R, e ?™/ a ) are isomorphic 

as locally Nash groups. So (R, +, /) is locally Nash isomorphic to (R, +, exp), 
what gives us ( 2 ) in the statement of the theorem. 

Subcase II.2: A g =< a >%. In this case f(u) is algebraic over C(e 2mu / a ). Hence, 
f[u) is algebraic over R(sm(27rit/a)). Hence applying Corollary 14.41 we deduce 
that (R,+,/) and (R,+,x »->■ sin(2nx/a)) are isomorphic as locally Nash 
groups. Again by Corollary 14.41 applied to a above we get that (R, +, sin) and 
(R, T, x i—^ sin(2nx / a)) are isomorphic as locally Nash groups. So (R, +, /) is 
locally Nash isomorphic to (R,+,sm), what gives us (3) in the statement of 
the theorem. 

Case 3: rank Af = 2. Then, by Lemma 14.61 rank A goa = 2. So there 
exists a lattice A of (C, +) such that g = p a and hence f[u) is algebraic over 
C(p\(cu)). Since pA{cu) = c~ 2 p c -ia(u) and by Lemma 16.51 / is algebraic over 
C(pa) f° r some real lattice A of (C, +). Moreover, by Lemma 16.41 and Remark 
16.61 we may assume that A is of the form < a, ib >% for some a, b e R*. Hence 
applying Corollary 14.41 we deduce that (R, +, /) and (R, +, p\) are isomorphic 
as locally Nash groups. Let A' :=< 1, ib/a >z and let a(x) := a _1 x e GLi(R). 
We note that p\i(a{x)) = a 2 p\(x) and therefore by Corollary 14.41 applied to 
a we deduce that (R, +, Pa) and (R, +, pA') are isomorphic as locally Nash 
groups. So in this case (R, +, /) is locally Nash isomorphic to (R, +, pA') 
where A' =< 1 ,ia >z for some a G R*, what gives us (4) in the statement of 
the theorem. 

Now we show that the four types of groups considered are not isomorphic as 
locally Nash groups. By Proposition 14.81 the only ones that can be isomorphic 
as locally Nash groups are of the type (2) and (3) or both of the type (4). 
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Suppose (R, +, exp) and (R, +, sin ) are isomorphic. Then by Corollary 14.41 
there exists a E GLi( R) such that x H > e a ^ x > is algebraic over C(x i —> sin(x)). 
Since the periods of x H> e x are imaginary, the periods of x H y sin{x) are 
real numbers and a cannot map imaginary numbers into real numbers, this 
contradicts Lemma 14.61 

The last statement about groups of the fourth type follows from Fact 16.71 □ 
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